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Abstract 



The description of baryons as soliton solutions of effective meson theories for three flavor 
(up, down, strange) degrees of freedom is reviewed and the phenomenological implications 
are illuminated. In the collective approach the soliton configuration is equipped with baryon 
quantum numbers by canonical quantization of the coordinates describing the flavor orienta- 
tion. The baryon spectrum resulting from exact diagonalization of the collective Hamiltonian 
is discussed. The prediction of static properties such as the baryon magnetic moments and the 
Cabibbo matrix elements for semi-leptonic hyperon decays are explored with regard to the 
influence of flavor symmetry breaking. In particular, the role of strange degrees of freedom in 
the nucleon is investigated for both the vector and axial-vector current matrix elements. The 
latter are discussed extensively within in the context of the proton spin puzzle. The influence 
of flavor symmetry breaking on the shape of the soliton is examined and observed to cause sig- 
nificant deviations from flavor covariant predictions on the baryon magnetic moments. Short 
range effects are incorporated by a chiral invariant inclusion of vector meson fields. These 
extensions are necessary to properly describe the singlet axial-vector current and the neutron 
proton mass difference. The effects of the vector meson excitations on baryon properties are 
also considered. The bound state description of hyperons and its generalization to baryons 
containing a heavy quark are illustrated. In the case of the Skyrme model a comparison is 
performed between the collective quantization scheme and bound state approach. Finally, the 
Nambu-Jona-Lasinio model is employed to demonstrate that hyperons can be described as 
solitons in a microscopic theory of the quark flavor dynamics. This is explained for both the 
collective and the bound state approaches to strangeness. 
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1 Introduction and Motivation 



It is well established that the theory of Quantum Chromodynamics (QCD) properly ac- 
counts for the strong interaction processes of hadrons 0. In this theory hadrons are 
considered as complicated composites of quarks and gluons. The interaction of these fields is 
described within the framework of a non-abelian gauge theory, the gauge group being color 
SU(3). The quark fields are represented in the fundamental representation while the gluons, 
which are the gauge bosons mediating the interaction, reside in the adjoint representation. Al- 
though we are still lacking a rigorous proof, the confinement hypothesis is commonly accepted, 
which states that only color singlet objects are observable. These singlet states represent the 
physical hadrons. 

The solution to the renormalization group equation tells us that the QCD coupling de- 
creases with increasing momentum transfer (asymptotic freedom). In this energy region QCD 
can therefore been treated within perturbation theory. The predictions, which result from 
these analyses of QCD, agree favorably with the experimental data obtained e.g. in deep 
inelastic scattering (DIS) processes. However, the behavior of the solution to the renormal- 
ization group equation unfortunately prohibits the application of perturbative techniques in 
the low-energy region. It is therefore mandatory to consider models which can be deduced or 
at least motivated from QCD in order to describe the low-energy properties of hadrons. 

One such model is the description of baryons as solitons, the so-called Skyrme approach. 
This method emphasizes the role of spontaneously broken chiral symmetry and treats the 
baryons as collective excitations of meson fields. In particular, the knowledge of the physics of 
the low-lying mesons provides an exhaustive amount of (almost) parameter free predictions 
on properties of baryons. As an additional advantage over many other models the soliton 
description represents a means for studying various aspects (spectrum, electromagnetic and 
axial form factors, meson-baryon scattering, baryon-baryon interaction, etc.) within a unique 
framework without making any further assumptions. Before explaining the Skyrme approach 
in detail, it is appropriate the straighten up a few misconceptions about this description. The 
Skyrme approach has frequently been criticized as being too crude. This criticism is based on 
the fact that the original Skyrme model, which only contains pseudoscalar degrees of freedom, 
yields incorrect predictions on several baryon observables. As will become apparent during 
the course of this report (see chapter Hp many of these problems are linked to the feature that 
the pseudoscalar fields contain the long-range physics only. A suitable extension of the model 
to account for short-range effects as well, provides an appealing solution to these problems. A 
prominent example is the influence of the vector meson fields on the strong interaction piece 
of the neutron-proton mass difference and the axial singlet current matrix element which both 
exactly vanish in the pseudoscalar model. A further common criticism concerns the too large 
predictions for the absolute values of the baryon masses. This problem has recently been 
solved by the proper treatment of the quantum corrections to the soliton mass. Except for 
one application in the baryon number two sector (see section |2.5|) this topic, however, will not 
be addressed in the present article. 

There exist a couple of other review articles on the soliton picture for baryons || f|, [|, 
However, these reviews are mainly limited to the two flavor version of the Skyrme approach. 
If at all, these articles contain only general aspects of the treatment of strange degrees of 
freedom. In particular, within the Skyrme approach a detailed survey of neither the influence 
of flavor symmetry breaking on baryon properties nor on the effects of strange quarks in the 
nucleon are available. It is the main goal of the present article to fill this gap. For this purpose 
several treatments of flavor symmetry breaking in the baryon sector will be introduced and 
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critically compared. In various aspects a detailed discussion must be beyond the scope of this 
article. However, it is intented to provide a background, which should enable the interested 
reader to consult the original literature. 

1.1 The Soliton Picture 

For the purpose of modeling QCD, ideas originally proposed by t' Hooft and later 
pursued by Witten M have turned out to be very fruitful. In these examinations QCD has 
been generalized from the physical value for the numbers of colors Nc = 3 to an arbitrary 
value. Subsequently its inverse (1/Nc) has been treated as an effective expansion parameter. 
It was recognized that in the limit Nc — > oo only a special class of Feynman diagrams survived. 
These are the planar diagrams with quark loops only at the edges. Applying crossing symmetry 
and unitarity, as well as assuming confinement, Witten showed |§ that QCD is equivalent to 
an effective theory of weakly interacting mesons (and glueballs). In this context weakly refers 
to the fact that an effective four-meson vertex scales like 1/Nc- Consequently a major goal 
of phenomenological studies is the construction of effective meson theories. Such approaches 
are guided by requiring the symmetries of QCD for the meson Lagrangian. 

In the case of arbitrary Nc a color singlet baryon consists of Nc quarks. As a result it is 
obvious that the properties of a single quark cause the masses of baryons to be of the order 
Nc- Furthermore it can be shown that those contributions to the masses, which are due to the 
exchange of gluons, are of this order as well. Since the baryons are color singlet states their 
wave-functions are completely anti-symmetric in the color degrees of freedom of the quarks. 
As a consequence of the Pauli Principle the wave-function must be symmetric in all other 
quantum numbers. This allows the quarks to reside in 5-wave states causing the mean square 
radius of baryons to be of the order N c in the limit of large numbers of colorsH Obviously the 
masses of baryons scale like the inverse of the coupling constant of the effective meson theory 
associated with QCD while the extension of the baryons is essentially independent of this 
coupling constant. From these analogies Witten argued M that baryons emerged as the soliton 
solutions in the effective meson theory. The solitons are the solutions to the (static) classical 
Euler-Lagrange equations and may be considered as mappings from coordinate space to the 
configuration space of the mesons. The latter is commonly given by flavor 577(2) or 577(3) in 
the cases of two (up, down) or three (up, down, strange) flavors. From a topological point of 
view these mapping are characterized by the so-called winding number which determines the 
number of coverings of the configuration space when the coordinate space is passed through 
exactly once. Solitons with different winding numbers are topologically distinct meaning 
that there exists no continuous deformation connecting solitons of different winding numbers. 
Witten conjectured that this winding number be identified with the baryon number. Later 
on we will see that this identification can be justified once the effective meson theory for 
three flavors is properly constructed. Witten furthermore analyzed the Nc behavior of other 
baryon observables as e.g. the scattering amplitudes of baryon-baryon and meson-baryon 
interactions. These were all found to comply with the picture that baryons emerge as the 
solitons of the effective meson theory to which QCD is equivalent. 

As a matter of fact such a topological soliton was already constructed by Skyrme || before 
the notion of quarks and gluons was invented. However, it was just the above mentioned 
considerations, which enabled the Skyrme model to be established within the context of QCD. 

a This is in contrast to an atom. In that case the wave-function needs to be anti-symmetric in the spatial 
quantum numbers and hence the radius increases with the number of electrons. 
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Subsequent to the first application of this model to investigate observables of the nucleon and 
A resonance by Adkins, Nappi and Witten [TO] the Skyrme model became a major subject 



of interest. The Skyrme model contains as fundamental mesonic degrees of freedom only 
the isovector of the pseudo-scalar pions. As these are by far the lightest (135MeV) mesons 
their importance at low energies is obvious. The fact that these mesons are the "would-be" 
Goldstone bosons of the spontaneous breaking of chiral symmetry provides another reason 
to consider them as the most relevant ingredients. The first results of the examinations 
within the Skyrme model are reviewed 0, |J. Later the Skyrme model was extended (and 
improved) to also contain the light vector mesons p(770) and u(783) (for a review see ref 
||). All extensions have been performed such that they satisfy the symmetries of QCD. 
Besides Pioncare invariance the chiral symmetry (see eqs (|2.2|) and (|2.18|) ) and its spontaneous 
breaking represents a guiding principle for extenting the Skyrme model. Such approaches not 
only allow one to study static properties of the nucleon but also dynamics as e.g. exhibited 
in pion-nucleon scattering || . It will be the primary purpose of this review article to provide 
a survey on progress achieved in the three flavor generalization of Skyrme type models, this 
includes those models which contain strange vector mesons as well. 

The major focus of these three flavor soliton models is on the description of the low-lying 



J 77 = i and | T baryons. These objects of interest are displayed in figure |1.1| in form of 



the popular representations of flavor SU (3). The baryons p, n, . . . , A~, . . . , f2 are shown as 
states in the octet and decouplet representations. Later we will see that higher dimensional 
representations of SU(3) are as well relevant for the low-lying baryons. 

The first study within a given model, of course, concerns the spectrum of the baryons. Here 
the mass splittings between the baryons shown in figure [TTT| will represent the main issue. For a 
long time is was believed that soliton models considerably overestimated the absolute masses of 
these baryons. However, recently significant progress has been made by including the quantum 



corrections associated with meson loops in the background of the soliton O, [L2| 13], 14, |15| 



Adopting a regularization scheme motivated by the chiral expansion |T6[ indeed reproduces the 



experimental values for the absolute masses reasonably well [12, 15]. Since these corrections 



effect all baryons approximately equally the consideration of mass differences appears to be 
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a suitable measure in the semi-classical treatment. In the next step static properties are 
explored. Although these models are formulated in terms of meson fields it is nevertheless 
possible to study the quark structure of baryons. The natural question arises, how to identify 
quark operators within a theory within such a model. Obviously that can only be done for 
objects which are bilinear in the quark fields. For operators which are related to symmetry 
currents this is straightforward since imitating the symmetries of QCD within the meson 
theory directly allows one to identify the currents. Phrased otherwise, advantage is taken of 
the fact that the effective meson theory imitates the Ward identities of QCD. For operators 
which do not exhibit this feature one commonly refers back to simplified models of the quark 
flavor dynamics like the Nambu-Jona-Lasino (NJL) model flT7|] . In contrast to QCD such 



models can exactly be converted into meson theories [19(]. This also provides the quark 
bilinears in terms of the meson fields. We will make extensive use of such identifications. 

Rather than providing a detailed description of the contents of this article it is more 
appropriate to qualitatively describe some of the major applications of these three flavor 
soliton models for recent, present or up-comming experiments. The main part of the review 
article will serve to make these discussions quantitative. The relation to these experiments will 
in addition reveal the relevance of "fine-tuned" three flavor soliton models for understanding 
the structure of the low-lying baryons. 



1.2 The Proton Spin Puzzle 



The analysis 0] of data obtained in the EMC experiments [^1] scattering polarized muons 



off polarized protons has led to extensive activities on investigating the nucleon matrix ele- 
ments of axial current. In this analysis the separate contributions of the up, down and strange 
degrees of freedom to the axial current have been disentangled yielding two surprising re- 
sults. At first sight, the singlet combination turned out to be compatible with zero. This is 
counter-intuitive because in the non-relativistic quark model |22] this quantity is identical to 
twice the spin carried by the quarks and hence should be close to unity. In contrast to the 
non-relativistic quark model it was soon realized that the Skyrme model indeed predicted an 
identically vanishing matrix element of the axial singlet in nucleon states |SIJ. This obser- 
vation caused a renewed interest in soliton models. Second, it turned out that the strange 
quarks contributed a significant amount to the axial current of the nucleon, about 30% of the 
down quarks. In a naive valence quark picture of the baryon this quantity would identically 
vanish because strange degrees of freedom are ignored. One major input into the analyses 
of the various contributions to the axial current has been the assumption of flavor SU(3) 
symmetry which permits to relate nucleon matrix elements of axial current to strangeness 
changing matrix elements of the axial current. The latter can be measured in semi-leptonic 
hyperon decays like A — > pe~v e f23|. Again the SU(3) Skyrme model reasonably reproduced 



this result when the three flavor symmetry was assumed as well |p20|. However, it was soon 



realized p4j that waving this assumption could significantly reduce the strange contribution 



to the axial current, but the singlet matrix element turned out to be quite insensitive with 



respect to flavor symmetry breaking pq| . Hence, even a sizable breaking of flavor symmetry 
does not lead to a matrix element of the singlet axial current which is close to unity as naively 
expected. The interested reader may peek ahead to figure |2.2| where this feature is illustrated. 

As the precision of the experiments improved it became clear that the matrix element of 
the axial singlet current indeed is significantly smaller than unity although different from zero. 
In addition refining the soliton models by e.g. incorporating vector mesons or explicit quarks 
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Figure 1.2: The matrix element (A r |q7 M (75)g|A r > relates the electro-weak interaction of the nucleon to the 
elementary processes of the quarks. 



yields also a non-vanishing matrix element [[25|, |26[. The review of these investigations will 
constitute a major part of the present article. Special emphasis will be placed on the role 
of flavor symmetry breaking and the strange degrees of freedom. To further elaborate these 
issues it will also be interesting to study the related problem of semi-leptonic hyperon decays 
because for these processes the concept of SU(3) symmetry is well established p7| . It has 
turned out that indeed a large flavor symmetry breaking occurs for the baryon wave-functions 
without contradicting the phenomenology of the semi-leptonic hyperon decays. Although this 
has recently also been understood in the context of extended quark models |28|, |29| the three 
flavor soliton models provide unique frameworks to study these issues comprehensively. 



1.3 Strangeness in the Nucleon 

We have just observed in the discussion of the axial current that the generalization of 
soliton models to flavor SU (3) encourages one to study effects of strange degrees of freedom 
in the nucleon. As explained above this generalization makes possible the investigation of 
matrix elements of various other strange quark operators. Let us consider two prominent 
examples. The first one concerns the matrix element of the strange scalar operator in the 
nucleon (iV|ss|iV). Adopting, for the sake of argument, the naive valence quark picture this 
quantity is zero. With this assumption one may relate the pion nucleon sigma term a^N, 
which is defined via the double commutator of the axial generator with the Hamiltonian, to 
the spectrum of the low-lying | + baryons ||30| . This yields ova? ~ 35MeV. On the other 



hand a n N can be extracted from the isospin symmetric part of the nN scattering amplitude 
resulting in a n N ~ 45MeV [fflfl . Although these analyses are somewhat model dependent 
this discrepancy can only be resolved when accepting that (iV|ss|iV) is non-negligible. The 
second example refers to the matrix element of the strange vector current (N^^^N) . This 
quantity is of special interest in the context of electro-weak processes where neutral gauge 
bosons are exchanged. In the context of the standard model these bosons couple to the quarks 
and further, the couplings to various quark flavors is completely determined in terms of the 
parameters of the standard model. In order to describe the electro-weak interaction of the 
nucleon we require information about the behavior of the quarks inside the nucleon. It is 
exactly this information, which is contained in the matrix element {N\q r y ll {^f^)q\ N) where q 
stands for any quark flavor, see figure |1.2| . The axial piece (75) has already been mentioned 
in the context of the proton spin puzzle. It is obvious that q = u,d play the dominant role but 
according to the above discussion one expects also the strange vector current matrix element 
(iV|s7 /i s|./V) to be non-negligible. In the original studies of electroweak processes, this matrix 
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element was set to zero. This permitted one to consider reactions like eiV — > eN via Z°- 
exchange as precision measurements for the parameters of the standard model, especially the 
Weinberg angle |52] (left arrow in figure [l~2]) . In the meantime DIS experiments have provided 
such precise data for these parameters^ that one may turn around this argument and try to 
extract a reliable value for (iV|s7 A1 ,s|iV) from eiV — > eN or uN —>■ uN (right arrow in figure 
|1.2| ). Quite a few such experiments are scheduled for the near future (or are already taking 
data). An extensive survey on these experiments may e.g. be found in refs [[34], [33| . There 
have already been several attempts to estimate (N\s~/ij,s\N). The first one was carried out 
in ref |5H performing a three-pole vector meson fit to dispersion relations |J7|. The effect of 
(f) — uj mixing has also been investigated in the framework of vector meson dominance |3"8fl . 
This picture has even been combined [ 39| with the kaon loop calculation of ref [34] . The study 



of the matrix element {N^^^N) in various three flavor soliton models will be reviewed in 



the present article. Such computations have been performed in the Skyrme model ||38|| , the 
Skyrme model with vector mesons |4(| and the NJL soliton approach [f|l]. Although these 
explorations will be discussed in detail later it is appropriate to mention that incorporating 
flavor symmetry breaking into the nucleon wave-function reduces the effect of strangeness. 
This feature has already shown up in the discussion of the axial current and can easily be 
understood qualitatively since without symmetry breaking in the baryon wave-function virtual 
strange and non-strange quark-antiquark pairs are equally probable. However, this feature is 
almost the only one which all these SU(3) soliton models have in common concerning their 
predictions for (N\sj!j,s\N) . Therefore the data accumulated in the experiments measuring 
this quantity might also serve to discriminate between these models. 

As already indicated, this review article will primarily be concerned with topics related 
to questions raised in the preceding discussions. The corresponding predictions obtained in 
different effective theories will be discussed in chapters 0, f| and 0. Different approaches to 
include strange degrees of freedom in soliton models will be explained in chapters |2], [3] and |5|. 
In particular, a comparison of these treatments may be found in section |5.3| . Furthermore a 
number of other interesting applications of three flavor soliton models will at least briefly be 
exemplified. 



2 The Collective Approach to the SU(3) Skyrme Model 



2.1 The Skyrme Model 

Before presenting the details of the three flavor model it is appropriate to discuss general 
aspects of the soliton solution in the Skyrme model. These are most conveniently presented 
in the framework of the two flavor reduction. The starting point for many of these effective 
meson theories is the non-linear a model. At low energies one expects the most important part 
of an effective theory to only include the lightest mesons (i.e. pions). In order to incorporate 
these features, chiral symmetry is realized by adopting the non-linear representation of the 
pion fields tt(x) 

U(x) = exp ( • 7r(x) ) , (2.1) 



fc For a discussion see e.g. chapter 26 of ref [ g3[ . 
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where the isovector r contains the Pauli matrices. The physical interpretation of the constant 
f n will be explained shortly. The matrix U (x) is commonly referred to as the chiral field. The 
chiral transformations are parametrized by the constant matrices L and R via 



U(x) 



LU(x)r). 



[2.2) 



Chiral invariance is then manifested by the symmetry of the Lagrangian under this trans- 
formations. The fact that the vacuum configuration (n = 0, i.e. U = 1) is only invariant 
under the coset L = R reflects the spontaneous breaking of chiral symmetry. In terms of U(x) 
the non-linear a model is defined by the Lagrangian 



;2.3) 



It is straightforward to construct the Noether currents associated with the symmetry trans- 
formation (|2.2| ). The vector and axial-vector currents (V^ and A^) correspond to R = L and 

respectively. These currents may most conveniently be presented by introducing 



a M = d^urf and ^ = tfdJJ 



ya 
A' 



4° 



2 

f 2 
2 



T 

t" 
~2 



Ldf.Tla^ . 



(2.4) 
(2.5) 



where an expansion in terms of derivatives of the pion fields is indicated. In the framework of 
the electroweak theory the matrix element of between the vacuum and a state containing 
one pion of momentum 



{0\A«(x)\n b (p)) = i6 a %f„ 



^tpx 



(2.6) 



enters the decay width for tt — > fiu^. Its measurement then determines the pion decay constant^ 
f, «/* = 93MeV 0. 

Simple scaling arguments U (t, r) — > U {t, \r) |42| show that the model Lagrangian ( [2.3|) 
does not possess stable soliton solutions which minimize the energy functional. For that reason 
Skyrme || added a term which is of fourth order in the derivatives 



Sk 



32e 



(2.7) 



but nevertheless only quadratic in the time derivative. This feature will be advantageous for 
quantizing the theory canonically. The parameter e remains undetermined at the moment. 
The Lagrangian (|2.7f) may also be motivated as the remnant of the p-meson exchange in the 
limit m p — > oo . 



Static soliton configurations U(r) represent mappings U : 1R — > SU(2). Demanding the 
soliton to possess a finite energy requires the boundary condition f/(r) r ^>l. This identifies 



a The relation of ( |2.2[ ) to the tran sform ation properties of left and right handed quark fields will be ex- 
plained in chapter |(| See also section . 

b In the three flavor model the physical pion decay constant will not exactly be identical to f v . 
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all points at spatial infinity and thus compactifies the three-dimensional space to a sphere S 3 . 
Consequently 

U : S 3 -f S 3 , (2.8) 

since SU(2) is equivalent to a three-dimensional sphere. The mappings (|2.8| ) are characterized 
by the integer winding number 

u[U}= I ' d 3 xB\x) with B"(x) = -i-e Wff tr(a F aA), (2.9) 

which gives the number of complete coverings of the target space (SU(2)) when the configu- 
ration space (-K 3 ) is passed through exactly once. B^(x) is referred to as the topological or 
winding number current and is conserved independently of the dynamics. As already men- 
tioned in the introduction, it is the main feature of soliton models for baryons to identify the 
topological current with the baryon number current. Hence we are interested in configurations 
with v[U] = B = 1. 

In order to construct a soliton solution with unit winding number Skyrme proposed to 
adopt the static hedgehog ansatz 



U (r) = exp (it ■ rF(r)) (2.10) 

which defines the chiral angle F(r). This ansatz possesses the famous grand spin symmetry, 
i.e. it is invariant under the combined spin-isospin transformation generated by G = j + r/2, 
where j is the spin operator. Substitution of the ansatz ( |2.10|) into the Lagrangian C n i a + £sk 
provides the static energy functional 

E[F] = ^1°° dx{ (x 2 F' 2 + 2sin 2 F) + sin 2 F Uf' 2 + j (2.11) 

where a prime indicates a derivative with respect to the dimensionless coordinate x = ef w r. 
Imposing F(oo)=0 and noting that v[U ] = (F(0) — F(oo))/n leads to the boundary condition 
F(0) = 71. The corresponding solution, which minimizes (|2.11| ), is displayed in figure [2.1| . The 
energy obtained by substituting this solution into (|2.11| ) is found to be E = 2?>.2Tif 1T /e [JTO 



Up to now only massless pions have been considered. The inclusion of a pion mass term will be 
discussed together with the mass terms of the pseudo-scalar mesons in the SU(3) extension. 



2.2 



The SU(3) Extension of the Skyrme Lagrangian 



For the inclusion of strange degrees of freedom the chiral field U is elevated from a 2 x 2 to 
a 3 x 3 unitary unimodular matrix, which in addition to the pions, contains the kaons and the 
octet component of the 77. These fields are most conveniently incorporated in the framework 
of the so-called Eightfold Way 



1 7T U 



a=l Ja 



' V2f; 
\ 



J_m 



h 

K~ 



J_7r^ 1 1 r? 8 

El 

fK 



K+ 

fK 

El 

fK 
2 T) S 

Vefv 



(2.12) 



where A a denote the Gell-Mann matrices. The SU(3) chiral field is then defined as 

U (x) = exp (z$) . 



(2.13) 
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In eq ( |2.12 ) care has been taken of the different decay constants. These decay constants are 
defined via the gradient expansion of the axial-vector current analogous to ( |2.5| ) 



4° 



i.e., J '1,2,3 = U = 93MeV, / 4 ,...j = h = H3MeV and / 8 = f v 



(2.14) 

78 - 94MeV. These data are 



obtained from the leptonic decays of the pseudo-scalar mesons Since the rjg meson is of 
no special importance for the soliton calculationsO and f v is not that well known, henceforth 
the approximation f v = f n will be adopted. 

The difference in the decay constants reflects a feature of flavor symmetry breaking. Let us 
now construct the appropriate symmetry breaking terms systematically from the QCD mass 
term in the case of three flavors 



£qcd = —rnu'uu — m^dd — m s ss = —rhqAiq , 
with rh = (m u + m^)/2. The mass matrix is parametrized as [55 



Q 



M = y\ 3 + T + xS, 



(2.15) 



(2.16) 



where T = diag(l, 1, 0) and S = diag(0, 0, 1) are the projectors on the non-strange and strange 
subspaces, respectively. Furthermore x and y are the quark mass ratios 



x 



m 



1 m,. 



y = -- 

y 2 



m d 



rn 



(2.17) 



c Thcre is one exception from this statement which will be discussed in section 4.4 
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The mass term ( |2.15| ) is not invariant under the chiral transformation 



q L -> Lq L , q R -> Rq R , q R<L = ^ (1 ± 75) q (2.18) 

but rather the matrix qq = qiq R + q R qi transforms like the representation (3,3*) + h.c. of 
(L,R). The symmetry breaking terms of the meson Lagrangian are required to imitate this 
transformation behavior under prospect of Q2.2|) . A minimal set of symmetry breaking terms 
is added to the chirally symmetric Lagrangian discussed above. In order to allow for different 
meson masses and decay constants two additional terms are needed 



£ SR = tr \M 



-(3' (dnUWrfu + U^d^Ud^U^ +5' (u + tf - 2) 



(2.19) 



The phase conventions have been chosen such that Ai is self-adjoint. In general this may 
not be possible, see e.g. eq ( [2.850 . In that case one has to substitute tr {M.(U + E/t)} — > 



tr{MU + E/t .A/ft}, etc. . 

For the moment it is appropriate to assume the isospin limit y = 0. The new parameters 
(x, (3' and 5') are determined from the masses and decay constants of the pseudo-scalar mesons 

IB 

and (tf)^ + ^. (2,0, 

Jn JK \ Jit J Jn 

It has already been remarked that f n in eq (|2.3|) is not exactly identical to the physical pion 
decay constant f n = 93MeV, rather f£ = f% — 8(3'. Substitution of the experimental data P^fl 
yields 

(3' = -2.64 x 10" 5 GeV 2 , 5' = 4.15 x 10" 5 GeV 4 and x = 37.3. (2.21) 

Obviously the difference between f n and f w is only minor and for convenience we will henceforth 
omit this distinction. It is also noteworthy that due to the inclusion of different decay constants 
in the present prediction for the quark mass ratio, x is considerably larger than the value 
(25.0 ± 2.5) of ref ||48|| . Further, it should also be noted that additional symmetry breaking 

terms might be introduced because transforms under chiral SU(3) L x SU(3) R 

in the same way as M. These terms, however, will not be considered here because the 
minimal set ( |2.19|) adequately describes the mesonic data. 

Now all ingredients necessary to describe the pseudo-scalar mesons properly have been 
presented in eqs ( [2.3| , |2/?|, |2.19| ). However, as compared to QCD (or nature) this Lagrangian 



has still a superfluous symmetry. It is straightforward to verify that the above presented pieces 
of the effective meson Lagrangian are separately invariant under the transformations U <-> W 
and r <-> — r. The pseudo-scalar character of the low-lying mesons requires the effective 
theory to be invariant only when these two transformations are combined. Unfortunately in 
four space time dimensions no local term can be added such that the separate symmetry is 
lost. Witten argued [|5t| however, that a suitable term can be added to the equations of motion 

f 2 

+ ... + 5\e^ vp(T a tl a v a p a (T = , (2.22) 

where the dots refer to the contributions from C$k an d £sb- This equation of motion is only 
invariant under the combined transformation U <-> and r <-> —r. Within the context 
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of the action, this term can be obtained by adding a totally antisymmetric object on a five 
dimensional manifold M 5 and using Stoke's theorem. The important point is that the boundary 
of M 5 is the real Minkowski space i.e. <9M 5 = M 4 . From the path-integral formulation one 
requires that the action may only change by a multiple of 2tc when going from M 5 to its 
complement, which has the identical boundary. Therefore n = 240z7r 2 A must be integer. This 



actually is completely analogous to Dirac's quantization of a magnetic monopole [51]. In the 
next step Witten included the photon fields in a gauge invariant way Q . This generates 
a vertex for the decay tt° — > 77 



where F^ u is the field strength tensor of the photon field. Comparison with the triangle 
anomaly |53| brings into the game the number of colors n = Nq<. The same result can 
be obtained from considering the process 7 — ► 7r + 7r°7r~. The Wess-Zumino term is now 
completely determined! 



It should be remarked that as Twz is a five-form it vanishes in the case of two flavors since 
the maximal number of generators is only four (l,r). The complete effective action of the 
pseudo-scalar mesons for flavor SU (3) is finally given by 

r = J d 4 x {C nla + C Sk + C SB ) + r W z- (2.24) 

The Wess-Zumino term flggg) exhibits one more important feature. It provides the only 
contribution to the Noether current associated with the UyiX) symmetry L = R = exp(iel) 
( p.2|) . This current is, of course, nothing but the baryon number current, which indeed is 
recognized to be identical to the winding number current defined in eq ( |2.9|) . Obviously 
the sign of the Wess-Zumino term is fixed by these arguments. The opposite sign of rVz 
causes the boundary condition F(0) = —n. Glancing at eq fl2.11| ) we see that the substitution 



F(r) — > —F(r) leaves the energy invariant. As a matter of fact the model can consistently be 
formulated with this opposite sign of the chiral angle. 

The first step towards describing baryons in the three flavor model consists of constructing 
the classical soliton. Although various embeddings of the hedgehog ( |2.10| ) within the 577(3) 
matrix U are possible demanding a minimal static energy fixes it to 

/ exp(zr -rF(r)) § 

Uo(r)= 

V I 1 



(2.25) 



Other embeddings yield larger energies as a consequence of the symmetry breaking terms. 
Hence as compared to the two flavor model the classical mass acquires only a minor correction 
associated with the (3' and 5' terms 








f 2 

^+4 / 3'(l-cosF) 



r 2 F' 2 + 2sin 2 F 



sin 2 F' 



2F' 2 + + 45V 2 (1 - cosF) . (2.26) 



d We use the notation of differential forms a = a^dx^. 
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The chiral angle F(r) is again determined as the solution to the Euler-Lagrange equations 
extremizing ( |2.26| ) subject to the boundary conditions F(0) = it and F(oo) = 0. The resulting 
profile is comparable to the one shown in figure 2.1. 



2.3 Quantization of the Collective Coordinates 



It can easily be verified that the static field configuration ( |2.25|) does not yield states of 



good spin and/or flavor because Uq does not commute with the corresponding generators, 
r x d and A a /2. States with good spin and isospin quantum numbers are generated by the 



well-known cranking procedure [54 



The generators for the flavor transformations and spatial rotations are constructed as 
Noether charges 

Q a = Jd\^(5 a U) + h.c.j, (2.27) 

associated with the field configuration which solves the full Euler-Lagrange equations. The 
infinitesimal form of the symmetry transformation is denoted by 5 a U. It is therefore obvi- 
ous that time-dependent solutions are required, not only static solutions. Unfortunately no 
such time-dependent solution is known at present and approximations have to be imposed. 
Ignoring (for the time being) symmetry breaking effects one recognizes that the energy re- 
mains unchanged by global rotations of the hedgehog solution ( 2.25| ) in flavor and coordinate 



spaces. Hence, as a first step a reasonable approximation to the time-dependent solutions is 
presumably given by assuming these transformations to vary in time, 

U{r,t) =A(t)U (R- 1 (t)r)Ai(t) = A(t)U (r) (t) . (2.28) 
Later more elaborate ansdtze for the time-dependent configuration will be introduced. In 



eq (|2.28| ) the hedgehog symmetry of Uo has been employed to express the spatial rotation 
as a flavor transformation. The SU(3) matrix A is referred to as the collective rotation and 
contains collective coordinates. It may conveniently be parametrized in terms of eight "Euler 
angles", cf. eq ( |A.1| ). The time-dependence of A is measured by eight angular velocities fl a , 
which are defined via 

^(o^ = ~x> a iv (2.29) 

a=l 

It is easy to verify that the angular velocities are invariant under global left transformations 
A(t) — > LA(t) while under global right transformations A(t) —> A(t)R^ they behave like a 
member of the adjoint representation 

fi« £ , Dab(R) = T^tr (\ a RX b R^ . (2.30) 

a=l 2, \ J 

The 8x8 rotation matrix D ab (A) behaves like a vector under both left- and right transfor- 
mations 

Dab(A) — > £ D aa/ (L j f)D a , bl (A)D b , b (R j f) . (2.31) 

a'b'=l 
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For that reason D a b(A) is frequently called the adjoint representation of the rotation A. The 

combination {l' a = D a b(A)Qf, obviously transforms like a left vector Vt' a — > D a b(L^)Q' b . 

In general the Lagrange function of the collective coordinates (the so-called collective La- 
grangian) contains all combinations of D a b(A) and Q a which are consistent with the effective 
meson action as e.g. ( [2.24 ). From the ansatz ( 2.28| ) we infer that the flavor rotations cor- 



respond to the left transformation (L) of A. The flavor symmetric part of the action can 
therefore only contribute terms to the collective Lagrangian with all left indices saturated, 



e.g. Q' a Q' a = f2 a fV On the other hand the flavor symmetry breaking term (|2.19|) transforms 



like the eighth component of a flavor vectorH Hence it contributes terms of the structure 
Q' s = D$b{A)Qb- In order to gain restrictions of the right indices one recognizes that the spa- 
tial rotations may be identified with the "isospin-subset" of the right transformation (R) as a 
consequence of the hedgehog symmetry. The symmetry under spatial rotations thus permits 
contributions which separately saturate the subsetsB i = 1, 2, 3, a = 4, . . . , 7 and b = 8 as e.g. 
QiQi = f2 ■ O or D Sa (A)Q a . The latter, of course, stems from a term which breaks the flavor 
symmetry Employing these arguments it is straightforward to verify that up to quadratic 
order in both the time derivatives and symmetry breaking the general form of the collective 
Lagrangian is given by 

1 i=l 1 o=4 ^V<J i=l a =i 

-~ 7 (1 - D 88 ) - \ ls (l - D 2 S8 ) - \ lT j^D u D u - \ lTS £ D Sa D Sa . (2.32) 

/ A / i=l A Q=4 

Here D ab = D ab (A) is implied. The coefficients a 2 ,..., jts are functional of the soliton 
profile(s) and hence are model dependent. It is the main objective of the various models 
to determine these coefficients. The quantities a 2 and (3 2 denote the moments of inertia for 
rotations in coordinate space and flavor rotations in direction of the strange degrees of freedom, 
respectively. From symmetry arguments one might have also expected a term proportional 
to fi|. Such a contribution, however, is absent because the hedgehog configuration fl2.25| ) 
commutes with As- An expression of the form -Dssf^s does not appear because of the same 
reason. Nevertheless a term linear in f2§ has shown up. It is a surface term which arises 
when applying Stoke's theorem to the Wess-Zumino term (j2.23p and its coefficient is uniquely 



related to the baryon number B. Shortly we will see that this term provides an important 
restriction on the allowed baryon states. It should be remarked that the quantities involving 
the coefficients 75, 7^ and 7^5 only appear when terms of the order Ai 2 are included in the 
meson Lagrangian. 

In order to quantize this "classical" theory we require the operators for spin and flavor 



from eq ( 2.27|) . As a consequence of the hedgehog structure the infinitesimal change under 



spatial rotations can be written as a derivative with respect to i? 



M9,[/(r,i)] = ^. (2.33) 



Upon substitution of this relation into the defining equation (|2.27 ) one observes for the spin 



operator J = dL(A,Q a )/df2. The quantization now proceeds along the lines of an SU(3) 



e The isospin breaking, which is omitted here corresponds to the third component of a flavor vector. 
^From now on a vector will always refer to the first three components. 
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rigid top by generalizing this result to the right generators 



dL 



-(f3 2 Q a + f3 1 D 8a ) 

NqB 
2V3 ' 



-Jn 



a 
a 
a=8 



1,2,3 



4 7 
1,.., 1 



^2.34) 



The quantization prescription then demands the commutation relation [R a , R b ] = —if a b c Rc 
with f abc being the antisymmetric structure constants of SU(3). Of course, the identification 
of dL(A, Q a )/df2 as the right generators is consistent with the transformation behavior of a 
vector (|2.30|) . The explicit forms of these generators in terms of an "Euler-angle" parametriza- 
tion of A is presented in appendix A. 

The generator R 8 is linearly connected to the so-called right hypercharge Yr = 2R 8 / y/3 = 1 
for B = 1 and Nc = 3. In analogy to the Gell-Mann Nishijima relation [EJ1 EBf a right charge 



Q 



Y, 



ft 



R 



■J 3 + -^ 



(2.35) 



may be defined for the right generators. Completing the analogy we note that the eigenvalues 
of Qr are 0, ±1/3, ±2/3, ±1, . . .. Hence for Yr = 1 the relation (|2.35| ) can only be fulfilled 
when the eigenvalue of J3 is half-integer. This yields the important conclusion that the SU (3) 
model describes fermions. This is a priori not expected since the starting point has been an 
effective model of bosons. Arguing from a path-integral point of view Witten has even shown 
that these solitons describe fermions when Nq is odd and bosons when Nc is even |50 |. This, 
of course, is expected from considering baryons as being composed of Nc quarks. It should 
be stressed that this result could only be gained by generalizing the Skyrme model to SU(3) 
since in SU(2) the Wess-Zumino term (|2.23|) vanishes. We therefore conclude that the proper 
incorporation of the anomaly structure of QCD leads to the desired spin-statistics relation. 

The left generators, which are defined by the rotation L a = D ab Rb, satisfy the commutation 
relations [L a ,L&] = if a b c L c . They provide the isospin, Ii — Li (i = 1,2,3) and hypercharge, 
Y = 2L 8 /a/3 operators. 

Finally the collective Hamiltonian is conventionally obtained as the Legendre transforma- 
tion H = - ELl Ra^a - L 



H(A,R a ) = E + 



1 1 



2a 2 



Dsi {2Ri + aA) + ^2 E D ^ {2R« + PiDsa) + \l (1 - D 8S ) 



i=l 



2/? Q= 4 

1 1 3 1 7 

+ - 75 (l - D 2 88 ) + - 7r D 8 iD 8i + -7T5 E D ^D. 



^2.36) 



i=l 



o=4 



for B = 1 and N f 



*c = 3. The constraint R 8 = which yielded the spin-statistics rela- 
tion, commutes with H permitting one to substitute this value. The term involving J2 a =4 R-a 
has been expressed by introducing the quadratic Casimir operator of SU(3), C2{SU(3)) = 
J2a=iRa- The standard 577(3) representations are eigenstates of C2(SU(3)) with eigenvalues 
/i. For the representations displayed in figure [Ll] one finds /x(8) = 3 and /i(10) = 3. The 
eigenstates of H(A, R a ) have to satisfy an additional condition. This arises from the hedgehog 
structure of the static field configuration. The eigenstates of the flavor symmetric part of 



v/3 
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H(A, R a ) are SU(3) representations constituting the basis for diagonalizing the whole Hamil- 
tonian. As outlined in appendix A, the allowed ST/ (3) representations must contain at least 
one state which has identical spin and isospin |57|], like the nucleon or the A resonance. 



Under flavor transformations the symmetry breaking parts linear in M. behave like the 



eighth component of an octet |58| as can be seen from [L a , D 8b ] = ifs ac D c b- Hence the Gell- 



Mann Okubo mass formulae |p91 30 



2(Mtv + M h ) = M E + 3M A (2.37) 
M n - M s * = M s * - M s * = M s * - M A (2.38) 



will automatically hold at first order. Eqs ( |2.38|) are referred to as the equal spacing relation for 



the | baryons. However, there is no guarantee that calculations at leading order in symmetry 
breaking are reliable and indeed higher order terms may play a significant role. To investigate 
these one first notes that the symmetry breaking parts mix various SU(3) representations, 
while they are diagonal in the physical quantum numbers of the baryons like spin and flavor. 
As an example a matrix element of the nucleon in the octet (8) and anti-decouplet (10) 
reads (N, 8|.D 88 |iVT0) = V5/10. Such matrix elements can be computed by means of SU(3) 



Clebsch-Gordon coefficients |Jl], 24]. Up to third order in the perturbation expansion only 
the SU(3) representations 8, 10 and 27 contribute for the | + baryons. As an example the 
shifts in energy, which are associated with the dominant symmetry breaking term, are given 

by@ 



5M N = — j -0.3 7 /3 2 - 0.0287 ( 7 /3 2 ) 2 + 0.0006 ( 7 /3 2 ) 3 + .. 

6M A = ^|-0.l7/5 2 -0.0180( 7 /? 2 ) 2 - 0.0003 ( 7 /? 2 ) 3 + ... 

5M S = ^|o.l 7 /9 2 -0.0247(7/5 2 ) 2 + 0.0002 ( 7 /3 2 ) 3 + ...| 

5M S = ^|o.2 7 /3 2 -0.0120( 7 /3 2 ) 2 - 0.0006 ( 7 /3 2 ) 3 + ...| . (2.39) 



The leading order obviously satisfies ( |2.37|) . Since the second order correction to the ground 



states is always negative the deviation from (|2.37| ) remains moderate at this order. Appar- 



ently the series converges sufficiently fast because the products of Clebsch-Gordon coefficients 
are always significantly smaller than unity. There is one more important fact that can be 
extracted from the expansion ( |2.37| ). Obviously the effective symmetry breaking parameter is 
the product 7 /3 2 rather than only the coefficient 7 . This can easily be understood because the 
probability for rotations into strange directions not only depends the on the repulsive poten- 
tial (measured by 7 ) but also the inertia parameter. This feature can also be observed when 
considering the expansion of the nucleon wave-function in terms of SU(3) representations 

\N) = \N, 8) + 0.0745 7( 5 2 |iV, TO) + 0.0490 7 /3 2 |iV, 27) . . . . (2.40) 

As in eq Q2.371 ) the coefficients are computed from SU(3) Clebsch-Gordon coefficients |BT 



These admixtures of higher dimensional SU(3) representations can be interpreted as additional 
quark-antiquark excitations in the nucleon. 

In appendix A it is indicated how the collective Hamiltonian (|2.36|) can be diagonalized 
exactly by adopting an "Euler-angle" parametrization of A (|A.1|) . Upon canonical quantization 
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of these "Euler-angle" the generators R a become differential operators ( |A.7|) and the eigenvalue 



problem Hty = e^/ turns into coupled partial differential equations. Fortunately the symmetry 
breaking terms acquire quite simple forms as e.g. 1 — D 88 = §sin 2 i/. The angle v interpolates 



between strange and non-strange directions^, cf. eq ( |A.1| ). Therefore the partial differential 
equations simplify considerably to a set of ordinary coupled differential equations in the angle 
v when an appropriate parametrization for the baryon wave function is adopted ( |A.8| ). This 
finally yields the mass formula 

MB = E+ l(^-w) J[J+1) -w> + w tSB ' (2 ' 41) 

where J denotes the spin of the baryon B and csb is the eigenvalue of 

3 7 



C 2 + /? 2 7 (1 - D 88 ) + P 2 ls (l - D 2 8S ) + (3 2 lT £ D 8i D 8i + (3 2 lTS £ D 8a D 8a 

i=l a=A 

3 7 

+(3 2 ^\ Yl D « (2Ri + ai D 8i ) +(3iJ2 D *° ( 2R <* + Pi D Sa) ■ (2.42) 



i=l a=4 



In ref [£4]] it has been shown for the simplest case where only the term proportional to 7 is 
included, that the perturbative expansion up to third order deviates from the exact result by 
a negligible amount even for large values of 7/3 2 . 

In the literature the exact diagonalization using the "Euler-angle" parametrization is 



known as the Yabu-Ando approach |62fl to three flavor soliton models. In their original 
approach only the simplest symmetry breaking term (7(1 — D 88 )) had been considered be- 
cause it is the only one appearing in the Skyrme model of pseudo-scalar as will be seen in 
the proceeding section. Later this treatment was extended to include all types of symmetry 
breaking terms listed in eq (|2.42|) . These terms come into the game when vector mesons 



or explicit quark degrees of freedom [B3[ |64| are included. These models will be discussed in 
chapters [| and |6], respectively. Of course, the quality of such approaches is as good as the 
approximation ( |2.28| ) to the exact time-dependent solution to the Euler-Lagrange equations, 
which should be reasonable for small symmetry breaking. In chapter | an approach will be 
introduced which starts from considering flavor symmetry to be large by not treating the kaon 
fields being collective excitations of the hedgehog but rather as small amplitude fluctuations in 
the background of the soliton. A posterior the comparison of both treatments should permit 
the justification of at least one of them. 



2.4 



Spectrum and Form Factors 



We now return to the special form of the SU(3) Skyrme model defined in eq ( ^.24[ ). In that 
case the collective Lagrangian ( |2.32[ ) simplifies considerably since the coefficients a±, Pi, 75, 
7t and 7T5 vanish. Substituting the ansatz (|2.28|) gives the moment of inertia for rotations in 
coordinate space 



a 



8 -^Jdrr 2 sin 2 Flf 2 + ± 



F' 2 + 



sin 2 F 



+ 8/3'(l - cosF) 



^2.43) 



ff The angle v will henceforth be denoted as strangeness changing angle. 
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while the only remaining symmetry breaking parameter is obtained to be, cf. eq ( 2.17|) 

7 = ^-{x - 1) J dr {<5V 2 (1 - cosF) - (3'cosF (F' 2 r 2 + 2sin 2 F) } . (2.44) 

Although the direct influence of the f3' type symmetry breaker is small its impact on 7 is very 
important because it accounts for fx 7^ fv As a consequence 6'(x — 1) oc fK m K ~ /^ m ^ ~ 
l.'bf'^m 2 K and the symmetry breaker 7 is significantly increased as compared to the case when 
the (3' term is omitted [47|] . 

Unfortunately the strange moment of inertia is not as straightforwardly obtained from the 
ansatz (|2.28|) |65[| . As already remarked the Wess-Zumino term ( 2.23 ) is linear in the time 
derivatives. As a consequence static kaon fluctuations, which are represented in the form of a 
two-component isospinor K(r), 

( ! K ^ \ 

U(r,t) = A*{t) e tZ ^ U e lZ ^ A(t) , Z(r) = , (2.45) 

V K H r ) I / 
appear in the action with a linear coupling to the time derivative of the rigidly rotating 
hedgehog ( |2.25|) . Stated otherwise, the Wess-Zumino term provides the source for induced 
kaon fields K(r). As this source is linear in the angular velocities f^, . . . , the induced kaon 
fields are as well. Hence a suitable ansatz, which also takes care of the pseudo-scalar nature 
of the kaon fields is JEJ g7f 

K(r)=W(r)r-rn K , ^ = (^ 4 ~ ^ 5 V (2.46) 



Expanding the Lagrangian up to quadratic order in Q a yields additional contributions for the 
strange moment of inertia (3 2 which then is a functional of the radial function W(r). The 
explicit form of this functional is displayed in appendix B, eqs ( p.lQjBTTT]) . In principle W(r) 
is complex, however, it turns out that only the real part becomes excited by the Wess-Zumino 
term. The radial dependence of W(r) is finally determined by extremizing (3 2 . Although this 
completes the calculation of the collective Lagrangian a note should be added concerning pos- 
sible double counting of kaonic fields. Denoting those kaon fields which are already contained 
in the original ansatz ( |2.25| ) by Kq it turns out that the overlap 

(Kq\K) oc / r 2 drW{r) sin- (2.47) 
Jo 2 

indeed is non-zero. Although an overall normalization of the overlap is missing it turns out 
that ( |2.47| ) decreases rapidly when increasing the parameter representing the kaon mass ttlk- 
In ref [47] one order of magnitude of decrease was obtained for ( |2.47| ) by changing m& from 
200MeV to the physical value of 495MeV. This behavior indicates that for physically relevant 
parameters the overlap is actually negligible^. It is worthwhile to mention that at least in 
principle also the symmetry breaking will induce kaon fields [ID]. At present, however, these 
have not been considered. 

Except for the Skyrme parameter e all parameters are determined in the meson sector 
( |2.21| ). Choosing e = 4.0 finally provides^ 

E = 1.744GeV , 7 = 1.374GeV , 

a 2 = 6.04G6V- 1 , f3 2 = 4.53G6V- 1 , (2.48) 
h A more elaborate metric in ( |2 .47| ) might alter this conclusion [f36f . 

'In the main part of ref J47| a simplified version of Csb was employed to compute f3 2 , which yielded a 
somewhat larger value, see however appendix C of that reference. 
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Table 2.1: The mass differences, which are obtained by exact diagonalization of the collective Hamiltonian 
(2.36), of the neighboring i + and | + in the pseudo-scalar model for e=4.0 are compared to the experimental 



data. Also the mass differences with respect to the nucleon are listed. The values in parentheses are obtained 



with a Lagrange multiplier included to guarantee a vanishing overlap (2.47) of the induced kaon components 
with the would-be zero mode of the hedgehog configuration. In that case the Skyrme parameter has slightly 
been readjusted to e= 



3.9. All data 
Baryons 


are in MeV. 
Model 


Expt. 


Baryons 


Model 


Expt. 


A-iV 


154 (163) 


177 


A-N 


154 (163) 


177 


£ - A 


88 (101) 


77 


E-iV 


242 (264) 


254 


H-E 


124 (122) 


125 


E-N 


366 (388) 


379 


A - S 


-88 (-120) 


-86 


A-N 


278 (268) 


293 


S* - A 


132 (138) 


153 


S* -N 


410 (406) 


446 




134 (139) 


145 


E* -N 


544 (545) 


591 




133 (135) 


142 


a-N 


677 (680) 


733 



while all other parameters in the collective Hamiltonian ( |2.36| ) vanish. Although the strange 
moment of inertia (3 2 is dominated by the hedgehog contribution the share due to the induced 
components ( |2.45| ) is about 35% . One might be tempted to enforce a vanishing matrix 
element ( |2.47|) by including an appropriate Lagrange multiplier. This reduces (3 2 somewhat 
to 3.52GeV~ . Although such a treatment would be mandatory if one wanted to construct 
W(r) in the flavor symmetric case, there is no apparent need to do so when this symmetry 
is broken because then the homogeneous part of the differential equation does not possess a 
regular solution. In other words, the constraint represents the driving term in the equation of 
motion only when flavor symmetry breaking is small. We will therefore stick to the value in 
eq ( |2.48D . In any event, the appearance of the induced components are an indication that the 



collective treatment is merely an approximation to the physical case when flavor symmetry 
is broken. This is especially reflected by the fact that the radial function W(r) decays like 
exp(— rrixr) in contrast to the hedgehog configuration rotated into strange direction according 



to ( |2.28D . The latter behaves like exp(— m n r) at large r. Furthermore the inclusion of induced 
kaon fields is mandatory to obtain the proper divergence of the axial current. This proof is 
indicated in appendix C. 

This value e = 4.0 has been chosen since it leads to a reasonable description of the baryon 
mass differences as can be seen from table [2.1| . A major reason for this result is the fact 
that 7 is significantly enlarged by including the effects associated with f K ^ f w . These 
effects were omitted in the original studies |67], ^8|. Q yielding far too low mass splittings 
between baryons of different strangeness for physically motivated parameters of the effective 
LagrangianEl. It is also apparent from table [O] that the inclusion of a constraint to ensure a 
vanishing overlap ( |2.47| ) can be compensated by a small variation of the Skyrme parameter, 
e. This indicates that double counting effects play only a subleading role. It is interesting to 
remark that the mass differences for the | + baryons deviate strongly from the prediction in 
leading order of the flavor symmetry breaking. This can easily be observed from the ratios 



(M A - M N ) : (M s — My) : (M s — M s ) = 1 : 0.52 : 0.85 



(2.49) 



•'Many of these authors used to consider /„. as a free parameter fitted to the absolute values of the baryon 
masses . Without the (3' term this yielded f v as low as 25McV p%. 
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which are in much better agreement with the experimental data (1:0.43:0.69) than the leading 
order result (1:1:0.5) of eq (|2.39|) . Obviously the higher order contributions are important. This 
also indicates that the baryon wave-functions contain sizable admixtures of higher dimensional 
SU(3) representations, cf. eq ( |2.40j ). Nevertheless the deviation from the Gell-Mann-Okubo 
relations ( [2.371 ) is only moderate, in particular the equal spacing among the | baryons is well 
reproduced. 

The value for the Skyrme parameter e = 4.0 obtained from this best fit to the baryon 
mass differences is then employed to evaluate static properties of baryons within this model. 
In order to do so one first constructs the Noether currents associated with the symmetry 
transformation (|2.2|) . A convenient method is to extend these global symmetries to local ones 
by introducing external gauge fields (e.g. the gauge fields of the electroweak interactions) into 
the action ( |2.24j ). The Noether currents are then read off as the expressions which couple 
linearly to these gauge fields. This procedure is especially appropriate for the Wess-Zumino 
term (|2.23| ) because this non-local term can only be made gauge invariant by a trial and error 
type procedure |50], [52|. The final form of the nonet (a = 0, . . . 
(A") currents reads @ (for N c = 3) 



vector (V°[) and axial-vector 



-fl tr {Q a K TP,)}- -z-zti {Q a (K, [a„ a v \] =F [#,, [P„ A,]])} 



8e 



16n : 



: e^ti{Q a (a„a p a a ±f3 u p p p a )} 



-i/3'tr |Q a ({UM + MU\ a M } =f {MU + U^M,^} 



(2.50) 



where Q a 



■i y 

>3' 2 ' 



. . . , 4^) denote the Hermitian nonet generators. The combination 



diag 



3' 3 ! 



Q 3 



V3 



(2.51) 



is of special interest because it enters the computation of the electromagnetic properties. The 
associated form factors of the | + baryons (B) are defined by 



(B(p')\Vr-\B(p))=u(^\ 



V-V) • a ""'' iAS -- 



2M 



B 



u(p) 



(2.52) 



Frequently it is convenient to introduce "electric" and "magnetic" form factors 



G B E (q 2 ) = Fl 



B I 



AM) 



-Ff(q 2 



G B E(q I ) = F l B (q 2 ) + F?(q 



(2.53) 



Further relevant form factors are the matrix elements of the diagonal vector currents of the 
individual quarks in the proton state 



(P(p')\qaM p {p)) = <p' 



7^) + SP<- 



-FM 2 



u(p) 



u, d, s 



(2.54) 



as well the analogous expressions for the axial-vector currents 



(P(p')\qa^q l \P(p))=u(p' 



% -Hi(q 2 ) 



2M, 



(2.55) 



22 



The list of relevant form factors is completed by the matrix elements of strangeness changing 
components of the currents ( |2.50|) between different baryon states. These form factors are 
relevant for the description of the semi-leptonic decays of the hyperons. Their generic form is 



(B'(p')\V«\B(p)) 
(B'(p')\A«\B(p)) 



u(p) 



u{p') 1^9A{q 2 ) + ■■■ u(p) 



[2.56) 



Here the ellipses represent contributions involving the momentum transfer q^, which need 
not be considered in the present context. To be precise, separate 5v(<? 2 ) an d 5u(<? 2 ) must be 
introduced for each baryon pair (B', B) and flavor index a = 4, ... ,7. 

Having collected these definitions of the form factors it is straightforward (although tedious) 
to compute the corresponding predictions of the SU(3) Skyrme model. In the first step the 
parametrization ( |2.45|) is substituted into the defining^ equation of the currents (|2.50|) . This 
yields for the spatial components of the vector currents 



ak 



B(r)e ijk ^jXkD a 8 + V 2 {r)e ijk Xjd d(X pD aa Q,f, 



-V 3 (r)t ijk XjD 88 D ak + V^eijkXjddapDjSaDa/i 



where 



B(r) 



2tt 2 



-l F ,sin 2 F 



(2.57) 



(2.58) 



is the baryon number density (|2.9|) . The explicit form of the radial functions Vi(r), . . . , V^(r) 
is given in appendix B of ref ||38|| . The ellipsis in eq ( p.57| ) represent terms, which vanish 
when sandwiched between baryon states. According to the quantization prescription ( |2.34| ) 
the angular velocities Q a are substituted by the right generators R a of SU(3). Taking the 
Fourier transform of the resulting matrix elements allows one to identify the magnetic form 
factor in the Breit frame 1691, 1701 



-8vrM 



13 



2 - ' 



r A dr--j 1 (r\q\){V 1 (r){D e3 ) 



B 



2a- 



: B{r)(D e8 R 8 ) B 



[2.59) 



-jpV 2 (r)(d 3af3 D ea Rp) B + V 3 (r)(D 88 D e3 ) B + V±{r)(d 3a(5 D ea D 8p ) B | . 

Here the flavor index e refers to the "electromagnetic" direction ( |2.51| ). The magnetic moment 
corresponds to the magnetic form factor at zero momentum transfer fi B = Gf/(0). Similarly 
the electric form factor is given by Fourier transforming the time component of the electro- 
magnetic current 



Gf = 4tt / r 2 drj (r\q\) \ B (r){D e3 ) B + y 7 ( r )( J D ej i? 4 ) B 
Jo [2 a 1 



2 V 8 (r)(D ea R a ) B 



(2.60) 



The two new radial functions Vj(r) and V 8 (r) are listed in appendix B of ref [3£| as well. 
Integrating Vj and V 8 yields the moments of inertia, a 2 and ft 2 , respectively. Hence the electric 
charges are properly normalized. It should be remarked that the baryon matrix elements in 



fe The conventions are i, j, k — 1,2,3 and a, (3 — 4, ... ,7. 
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Table 2.2: The electromagnetic properties of the baryons compared to the experimental data. The predictions 
of the Skyrme model are taken from ref |p8[ . 



B 


/^(n.m.) 
e = 4.0 Expt. 


r| f (fm 2 ) 
e = 4.0 Expt. 


r|(fm 2 ) 
e = 4.0 Expt. 


P 


2.03 


2.79 


0.43 


0.74 


0.59 


0.74 


n 


-1.58 


-1.91 


0.46 


0.77 


-0.22 


-0.12 


A 


-0.71 


-0.61 


0.36 




-0.08 




£+ 


1.99 


2.42 


0.45 




0.59 




S° 


0.60 




0.36 




-0.02 




£- 


-0.79 


-1.16 


0.58 




-0.63 




wo 


-1.55 


-1.25 


0.38 




-0.15 






-0.64 


-0.69 


0.43 




-0.49 




S° -> A 


-1.39 


-1.61 


0.48 









the space of the collective coordinates are computed using the exact eigenstates (|A.8|) of ( |2.42|) 
and adopting the representations ( |A.7| ) for the SU(3) generators. The results for the magnetic 
moments and the radii 



6 dGZ(q 2 



M 



fi B dq 2 



-6 



dG B E {q 2 ) 



dq 2 



(2.61) 



are shown in table 2.2 . As in the two flavor model 0] the isovector part of the magnetic 
moments is underestimated while the isoscalar part is reasonably well reproduced. Despite 
the fact that the flavor symmetry breaking is large for the baryon wave-functions, the predicted 



magnetic moments do not strongly deviate from the SU(3) relations | 71| 



2/i A = -(/iE+ +£*£-) 



-2/z s o = n % 



/^EOA 



(2.62) 



Later it will become clear that an even more elaborate treatment of the flavor symmetry 
breaking is necessary in order to accommodate for the experimental breaking of the [/-spin 
symmetry which e.g. causes the approximate identity ~ fi p . The moderate difference 
between the various magnetic radii r 2 M is a further hint that symmetry breaking effects are 
mitigated. The comparison with the available empirical data for the radii shows that the 
predictions turn out too small in magnitude (except of the neutron electric radius). This is 
a strong indication that essential ingredients are still missing in the model. In chapter f| it 
will be explained that the effects, which are associated with vector meson dominance (VMD), 
will account for this deficiency. Nevertheless the overall picture gained for the electromagnetic 
properties of the | + and | + can at least be characterized as satisfactory, especially in view 
of the fact that the only free parameter of the model has been fixed beforehand. As a side 
remark it should be mentioned that the direct contribution of the induced fields ( [2.45|) to the 
magnetic moments is as small as 5-10%. For example, when supplementing the model by a 
Lagrange multiplier such that the overlap ( |2.47f ) vanishes, the proton and neutron magnetic 



moments are changed to 1.88 and -1.49, respectively. The results displayed in table 2.2 might 
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be regained by a minor change of the Skyrme parameter, e. The relevance of these fields 
appears merely to be of formal nature. 

From here it is straightforward to compute the strange vector form factors F s (q 2 ) and 
F s {q 2 ), which are defined in eq (|2.54 ). Up to now no precise measurement of the asso- 
ciated form factors has been performed. As already indicated in section |1.3j , these form 
factors are currently under intensive experimental investigation, cf. refs |3_4. 35]. These 
form factors have been estimated in various models. They range from vector-meson-pole 
fits [|36| of dispersion relations |37j through vector meson dominance approaches |38| and 
kaon-loop calculations with and without [^j vector meson dominance contributions to 

, [II], [TjJ| . The numerical results for the strange magnetic moment 
. . 0.25 are quite diverse. The predictions for the strange charge 
QdF s (q 2 ) j dq 2 \ q= o are almost equally scattered r| —0.20 . . . 0.14fm 2 . See table 
for a comprehensive list of predictions on fi$ and r|. In order to evaluate these objects in 
the three flavor Skyrme model one requires the matrix elements of the "strange" combination 



soliton model calculations [| 
Us = F s (0) « -0.31 ±0.09 
radius r| = 



Q s 



l l 



(2.63) 



between proton states rather than the electromagnetic ones ( |2.51| ). Using the above established 
value e = 4.0 yields 



-0.13 



-O.lOfm 2 



^2.64) 



As usual, magnetic moments are in units of nuclear magnetons. It should be stressed that these 
results are obtained within the Yabu-Ando approach, i. e. the proton wave-function contains 
sizable admixtures of higher dimensional representations. If a pure octet wave-function were 
employed to compute the matrix elements of the collective operators the strange magnetic 
moment would have been fis — —0.33. The proper inclusion of symmetry breaking into the 
nucleon wave-function apparently reduces the effect of the strange degrees of freedom in the 
nucleon. This is also intuitively clear, since for a flavor symmetric wave-function virtual ss 
pairs are as probable as virtual uu or dd pairs. However, as the strange quarks within the 
nucleon become more massive (effect of symmetry breaking) their excitation is less likely. 

Before discussing the predictions of the three flavor Skyrme model on the axial properties 
of the | + baryons it is illuminating to discuss a few general aspects of the so-called proton spin 
puzzle. The purpose of these studies is to disentangle the three form factors Hi(q 2 = 0) of the 



proton matrix element (|2.55|) . Assuming isospin invariance the analysis of the neutron-beta 
decay provides the linear combination 

H u (0) - H d (0) =g A = 1.257 . (2.65) 

More recently extensive measurements have been carried out to gain data for the combination 

~# u (o) (c ns (q 2 ) + c s {q 2 )) - i (H d (o) + h.{o)) (c ns (q 2 ) + 2C s ( g 2 )) = r% 2 ) . (2.66) 

The momentum dependent coefficients C s , C ns are computed in perturbative QCD and may 
e.g. be taken from ref f7|. The combined analysis of the EMC |T[, SLAC @ and SMC @ 
data may be summarized as T^q 2 = (10.7GeV) 2 ) = 0.129 ± 0.010. Defining R as the linear 
combination, which corresponds to the eighth component of the axial-vector current matrix 
element 



H u (0) + H d (0) - 2H 8 (0) = R 



[2.67) 
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R 

Figure 2.2: The dependence of the matrix elements of the singlet axial current -ff(O) and the strange contribution 
H a (0) on flavor symmetry breaking. The flavor symmetric case corresponds to J?=0.575±0.016. The dashed lines 
indicate errors caused by the uncertainty of r*. See also refs |2j| and [j29| . 



flavor symmetry may provide the final ingredient to extract all three Hi(0). Taking this 
symmetry for granted allows one to relate R to the data obtained from the semi-leptonic 
hyperon decays such as A — * pe~V e yielding R = 0.575 ± 0.016 [?7|, |77|| . For the time 

being let us, however, treat R as an independent parameter. The dependences of H s (0) as 
well as of the singlet combination 

H(q 2 ) = H u (q 2 ) + H d (q 2 ) + H s (q 2 ) (2.68) 

at q 2 = on R are shown in figure |2.2| . One observes that H(0) ~ 0.3 ± 0.1 within a wide 
range of R. The issue of H(0) being considerably smaller than unity has become known as 
the proton spin puzzle (or crisis) because in a quark parton model interpretation this quantity 
is identical to twice the quarks' contribution to the proton spin. The puzzle is caused by 
the fact that H(0) is unity in a naive quark model. On the other hand the strange quark 
contribution varies strongly with symmetry breaking. For the flavor symmetric value of R 
one finds H s (0) ~ —0.11 ± 0.05. Originally this sizable value caused an additional point of 
confusion because it implies the unexpectedly large ratio \H S (0) / H d (0)\ « 0.3. However, as 
the role of symmetry breaking became clearer it was soon recognized that a smaller H s (0) may 
well be in agreement with the experimental data. 

Simultaneously with the publication of the first data on Tf pl |, the three flavor Skyrme 
model was observed to be an excellent candidate to explain the smallness of H(0) ||20|| . From 
eq ( |2.50| ) the axial singlet current (Q° = 1/3) is found to be 

K = ~\f> (dpUU^ - 4^'^tr (m U-tf\ . (2.69) 
Separating the singlet piece of the nonet matrix U by introducing the unitary-unimodular 
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matrix U = e lx U leads to 



Al = fld, X -^'d^(M 



U 



(2.70) 



which obviously is a total derivative [78|. Hence only the induced form factor H(q ) = H u (q ) + 
H,i{q 2 ) + H s (q 2 ) in eq ( |2.55| ) acquires a non-zero value. This implies that in the Skyrme model 
which contains only pseudo-scalar fields 



H{q 2 ) = 



(2.71) 



even in the presence of flavor symmetry breaking terms. This is in contrast to the original 
estimates |20 of the effect of symmetry breaking on H(q 2 ). Later it will be argued that short 
range effects are responsible for a non-vanishing (although small) value for H(0). There have 
been several attempts to obtain a non-vanishing H(0) in the pseudo-scalar Skyrme model. 
Adding the symmetric fourth order term ti{a^a^a u a u ) gives a contribution to axial the singlet 
current [79 



5A» 



ictr (a v a,,a 



(2.72) 



where c is an arbitrary constant. This expression contains terms which are quadratic in the 
angular velocities Q a causing ordering ambiguities when applying the quantization prescription 
( |2.34| ). Although originally a non-vanishing contribution to H(0) was obtained JTJJ] it has 
recently been shown that this result was almost completely due to those ordering ambiguities. 
In the two flavor case one can easily demand the proper behavior under the particle conjugation 
transformation. This requires one to choose an ordering such that H(0), associated with ( p.72j , 
vanishes. In the three flavor model, however, the proper ordering of the collective coordinates 
might give H(0) ^ |80fl . From a physical point of view it is, nevertheless, more appealing to 
find already a non-vanishing H (0) in the two flavor version of the model under consideration. 
Another way to achieve H(0) ^ is to augment the Lagrangian by 



5C 



c e 



d" (In detU)B v d p B a 



(2.73) 



which is motivated by the local approximation to vector mesons f8]J and indeed leads to a 



non-trivial contribution to the axial singlet current |82 



3c e flupa B"d p B c 



(2.74) 



However, as ( 2.73 ) does not constitute a single trace, this type of singlet current will suffer 
additional suppression from the quark line (or OZI |83|]) rule. Therefore the explicit con- 
sideration of vector meson seems to be more appropriate (see chapter |IJ). Aiming towards 
completeness (without possibly gaining it) on this subject, it should be mentioned that there 
are other studies of the axial singlet matrix elements in related models. These are e.g. a linear 
chiral model with quark and gluon confinement [83] or a hybrid chiral bag model [85]. It is 
interesting to note that in this bag model the axial singlet matrix element is quite sensitive to 
the bag radiuJ, R, in contrast to j8"? |. The authors of ref |5S] have employed this sensitivity 
to constrain the radius _R^0.5fm from the data on the axial singlet matrix element. 

Due to the vanishing singlet matrix element in the Skyrme model of pseudo-scalars it is 
more appropriate to discuss the general behavior of matrix elements of the axial current under 



See ref |8q] for a review on bag models and the Cheshire Cat principle. 
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symmetry breaking rather than the detailed results for these quantities. The leading order 
term (in 1/Nq) of the spatial components of the axial current is straightforwardly obtained 
to be 

J d 3 rA« = CD ai (A) . (2.75) 

The constant C denotes an integral over the chiral angle. However, since its actual value will 
be of no importance for the following discussions we refer the interested reader to refs [^, |38| 
for the explicit expression. The semi-leptonic decays of the hyperonstj are described by the 
ratios gA/gv defined in eq ( [2.561 ). The numerator can easily be obtained from ( 2.75 ) 



g A (B>,B)=C(B'\D a3 \B) . (2.76) 

The flavor index a has to be chosen according to whether strangeness conserving (a = 1, 2, 3, 8) 
or strangeness changing (a = 4, . . . , 7) processes are considered. Although for the current 
studies the actual value of C is not important, it should be admitted that the corresponding 
result for the axial charge of the nucleon g A = a A +t2 ( y n,p), as measured in neutron-beta decay, 



.If 



is predicted too low in many soliton modelsO. This problem is already encountered in the 
two flavor model and gets worse in 577(3) as the Clebsch-Gordon coefficient associated with 
D\ + i2 3 changes by a factor of 7/10. As symmetry breaking is included the SU(3) prediction 



for ^becomes larger |24 



g A (SU(3)) = L [i + 0.0514 7 /? 2 + . . .] g A {SU{2)) . (2.77) 

Actually the exact treatment shows that with increasing symmetry breaking the two flavor 
result is approached, although only slowly. Taking everything together, including subleading 
terms in (|2.76|) , finally gives g A = 0.98 for e = 4.0 |38|] which is about 4/5 of the experimental 
value g A (expt.) = 1.26. 

Returning to the more general studies it should first be remarked that flavor symmetry 
relates the matrix elements between various baryons. Most conveniently they are expressed in 
terms of two unknown constants F and D. One has to use models to determine these constants. 
In the flavor symmetric Skyrme model one finds |71] D/F = 9/5 and D + F = 7C/15 = g A . In 



table [2.3| the flavor symmetric dependencies of the matrix elements on F and D are displayed. 
In addition one finds R = 3F — D. As one departs from the flavor symmetric case the baryon 
wave-functions acquire admixtures from higher dimensional 577(3) representations making 
the notion of F and D obsolete. 

In addition to the expansion ( [2.40 ) one e.g. finds for the A hyperon 



|A) = |A,8) + !-7/3 2 |A,27> + ... . (2.78) 
50 

Such expansions may be used to evaluate the behavior of the matrix elements entering the 



Cabibbo scheme [91] for the semi-leptonic hyperon decays. Noting that the D-functions mix 



the SU (3) representations, a typical example is 

(p T \D K - 3 \A V = -A=- ^§7/? 2 + • • • , D K - 3 = -L (D 43 - iD53 ) . (2.79) 



l In ref flS9| non-lcptonic decays have been studied using flavor symmetric wave-functions. 
x Note, however, that in the chiral quark model g A is somewhat overestimated J90|. 
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Table 2.3: The matrix elements of the axial-vector current 2.76 between different baryon states in the flavor 
symmetric limit. Displayed are both the strangeness conserving (a) and strangeness changing (b) processes. 
The first column gives the relevant flavor component of the axial current. 





n —>■ p 
F + D 


£- -> A 


(a) 

V2F 


D-F 


A K ~ 


A^p 


X~ — > n 
D-F 


(b) 


E- -> S° 



Of course, this expansion just provides a first approximation to the symmetry breaking depen- 
dence of the Cabibbo matrix elements. Using the exact treatment initiated by Yabu and Ando 
|62]j this dependence can be computed numerically as shown in figure |2.3| for the processes of 
interest. Those results are normalized to the £77(3) symmetric values ( p.3|) to illuminate that 
these matrix elements vary in a completely different way with symmetry breaking. In this 
figure also the variation of the strange quarks' contribution to the nucleon matrix element of 
the axial singlet current 7/3(0) = (A^| 373753! TV) is displayed. Obviously 77 3 (0) decreases very 
rapidly with increasing symmetry breaking. On the contrary the Cabibbo matrix elements 
exhibit only a moderate dependence on 7/3 2 . It is this different behavior of the matrix elements 
that makes the application of flavor symmetry to the analyses of the EMC-SLAC-SMC ex- 
periments suspicious |92|]. Stated otherwise, the strange quark contribution to the proton spin 
may be decreased significantly as a consequence of symmetry breaking without contradicting 
the successful Cabibbo scheme for the semi-leptonic decays of the hyperons. 

As the ratio gA/gv enters the description of the hyperon decays one may worry whether 
the dependence of gy on the symmetry breaking changes this conclusion. The dominating 
contribution is given by the matrix elements of the flavor generators 

g a v (B',B) = (B'\L a \B) . (2.80) 

From a general point of view it is important to remark that these matrix elements are pro- 
tected by the Ademollo-Gatto theorem ||93|| . This theorem states that the leading term in 



the difference of g v (B',B) from its symmetric value must be at least quadratic in symmetry 
breaking. In the framework of the Skyrme model this can easily be understood because the 
matrix elements of the generators L a vanish between different 577(3) representations. Using 
the Yabu-Ando scheme this has numerically been confirmed [BSJ resulting in, an at most, 10% 
deviation from the symmetric values, even for large symmetry breaking, e.g. 7/? 2 ~ 7. 

A reduction of the strangeness in the nucleon is also observed for the scalar strange content 
fraction of the proton 

X s = _ (p|ss|p)-(0|s S |0)_ 

(p\uu + dd + ss\p) — (0\uu + dd + ss\0) 

Here the state |0) refers to the soliton being absent. As will become apparent from NJL-model 
studies (cf. chapter ||) X s is related to 

X. = \WL-D^,)«L-^ + .... (2.82) 
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A a 3 B 




Figure 2.3: The variation of the matrix elements describing the semi-leptonic hyperon decays with the ef- 
fective symmetry breaking parameter 7/3 2 . Full line: (p|s7375s|p); dashed dotted line: (p|?J737 5 s|A}; dotted line: 
(n|ii7375s|S~}; long dashed line: (A|Ti737 5 s|S~}; dashed line: (p\u^^ 5 d\n)] These matrix elements, which are taken 
from refs ]7q| and pq|, are normalized to the flavor symmetric values. 



In this case, however, the deviation from the flavor symmetric result |94| (X s = 7/30) is 
considerably mitigated |)5| as compared to the variation of H s . The symmetry breaking 



has to be as large as 7/3 2 ~ 4.5 to obtain a reduction of the order of 50%. In the case of 
H s this was already achieved for j/3 2 ~ 2.5. In any event, the additional quark-antiquark 
excitations in the nucleon, which are parametrized by the admixtures of higher dimensional 
SU(3) representations (|2.40|) , apparently tend to cancel the virtual strange quarks of the octet 
nucleon. 

To summarize this section on baryon spectroscopy and form factors it should be mentioned 
that the effects of higher orders in the flavor symmetry breaking are important. Furthermore 
the soliton approach provides a unique framework to demonstrate that flavor symmetry break- 
ing may effect various physical quantities in a completely different manner. Also the conjecture 



96fl is confirmed that some operators see a fairly large amount of strangeness in the nucleon 
while others do not. In this section we have concentrated on general aspects of flavor sym- 
metry breaking of baryon properties in the soliton approach rather than gathering numerical 
results of the model. The reason is that the Skyrme model, which contains only pseudo-scalar 
degrees of freedom, lacks important short range effects. Therefore more reliable predictions 
are expected in extensions of the model containing meson fields whose profile functions have 
their major support at small distances, say r < 0.5/m. An excellent candidate is the vector 
meson model to be described in chapter |j. 

In ref [PjJ the use of an alternative Skyrme term 



£ alt._ 1 



Sk ~ 16? 



tr (a M a„) tr (a V) - (tr (a^)) 2 ] (2.83) 
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has been considered together with the meson configuration (|2.28 ). Although the resulting 
Lagrange function is identical to ( |2.7|) in the two flavor reduction its contribution to the 
moment of inertia (3 2 is four times as large. According to eqs ( |2.39| ) and ( 2.40| ) the effect of 
symmetry breaking is increased yielding a slightly improved pattern for the baryon spectrum. 
However, the predictions for the static properties of the baryons exhibit almost no variation 
as compared to the ordinary Skyrme term. The effects of the induced components ( p. 46 ) have 
not been investigated in the context of (|2.83|). 



2.5 



Further Developments 



In this section studies will briefly be discussed, which do not directly effect static properties 
of the strange baryons but are special beyond the two flavor model and should be mentioned 
to achieve a higher level of completeness. 

By adding a term to the Lagrangian which represents the U^(l) anomaly of QCD [g8 



K 



Ca = 48 



In (detU 



detrf 



and extending the symmetry breaking matrix (|2.16|) 



M -> M + i 



4/2 



(2.84) 



(2.85) 



it is possible to imitate the effects of the QCD angle |)9] since a non-zero is equivalent 
to Ai having a non-vanishing phase ||100|| . The constant k can be determined from the mass 
of the r( meson, cf. section fL4] . Substituting the experimental values one obtains [|101|| 
A e = 9 x l(r 3 0GeV 2 . This extended Lagrangian contains a strong CP violating term 



5C 



CP 



Ae 
v/3 



U (1 - cosF) U 8 + yfifo 



[2.86) 



where 0g and 4>o denote the flavor octet and singlet components ( [2.12| ) of the //-fields, respec- 
tively. Including the contribution of SCqp to the Euler Lagrange equations causes non-trivial 
profiles for </> 8 and 0o- As a consequence the expression for the neutron electric dipole moment 



D r . 



(n\ 



d 3 rrJ em ' 



n) 



^2.87) 



which is linear in these rj fields, allows one to relate the neutron electric dipole moment to 
the QCD 0-angle. In ref [101] the numerical result D n = 2 x lCT 6 0ecm was obtained which 
is somewhat smaller than the current algebra result (3.6 x lO _6 0ecm) 



102 . Future 



of ref 

experiments on the neutron electric dipole moment will provide a means to estimate QCD 
0-angle. 

A prominent issue to be discussed within the SU(3) Skyrme model is the question of 
whether or not the if-dibaryon is bound. Originally the if-dibaryon was considered as a six 



quark state, which has strangeness -2, in the MIT bag model [1031. It was found to be bound 



by about 80MeV against a decay into two A hyperons. For the Skyrme model calculation a 
corresponding ansatz for a soliton configuration 



V H (r) 



3 i*(r) 



+ %A ■ fsinx(r) + (A ■ r) 2 e" 
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was proposed by Balachandran et al. [ p. 04] , |105|| . Here Ai = A 7 , A 2 = —A 5 and A 3 = A 2 denote 
the generators of an SO (3) subgroup of SU(3). Minimizing the static energy by variation of 
the radial functions \^(r) and x( r ) an d subsequent canonical quantization yielded a binding 
energy of about 130MeV [|105|| . More recently the order Nq corrections to the mass of the H 
dibaryon were estimated [ |106|| . These estimates are based on the observation that zero mode 



channels provide the dominant contribution to the Casimir energy of the soliton ||107|, |T3 



1 



Cas 



-tr 



(H-H 

Hn 



<~E^)\{k,a\0t 



(2.89) 



Here H and H denote the Hamilton operator for the meson fields in the background and 
absence of the soliton, respectively. \k,a) is a plane wave state of momentum k and flavor 
a, while ( refers to the zero modes of the soliton. Including these corrections it is found 
106|| that £?[Vff] ~ 3E B= i, where E B=1 is the hedgehog energy with the associated Casimir 



energy included. Obviously the quantum corrections, which the configuration Vh suffers, are 
significantly lower than twice the corrections of the hedgehog. This is intuitively clear from eq 
( p.89| ) because the number of zero modes does not depend on the baryon number but rather 
on the symmetries of the model and ansatze. As the l/A^-rotational corrections are included 
a slightly bound if -dibaryon is found. However, as ( J2.89Q just represents a bound for the 
quantum corrections, the authors of ref |106|1 conjecture that the if -dibaryon is most likely 
unbound. 

In ref [|108|| further dibaryon configurations have been considered by generalizing the prod- 
uct ansatz ||109|| to flavor S77(3) 



U(r) = AU (x, y,z - |) CU (x, V,z+§) cU . 



(2.90) 



Here A and C = denote constant flavor rotations which are defined such that A and B 
describe the individual flavor orientations of the single SU(3) Skyrmions ( |2.25| ). Furthermore 
R measures the distance between the two Skyrmions. Substitution of (|2.90|) into the action 



gives the typical interaction term [108] 



V(R;A,B] 



Anf 2 ^ D ki (A)D k 



kj- 



-m w R 



R 



(2.91) 



This permits one to extract the potential for the baryon-baryon interaction in certain spin 
and flavor channelsQ since, according to the Wigner-Eckart theorem, D a ^ ~ L a Rb when taking 
matrix elements. In this case bound dibaryon states were found for the channels N — N(I = 
1/2, J = 1), N-E(I = 1/2, J = 1), N-E{I=,J = 0), A-A(J = 0, J = 0), S - £(/ = 2, J = 
2) and S — S(7 = 0, J = 1). These results are in agreement with the general expectations 



from boson exchange models. See ref ||111|| for a review on these models and a compilation of 
references. 



It is also interesting to note that the collective treatment of section |273| can be generalized 
to flavor SU(Nf) ||112| , with Nf being the number of flavor degrees of freedom. As a general- 
ization of the ansatz (|2.25|) the hedgehog is embedded in the isospin subgroup and collective 
rotations are parametrized by the SU(Nf) matrix A as in eq (|2.28|) . Here the case of Nf 1 



will briefly be discussed. Then, eq ( |2.29|) defines 15 angular velocities Q a . Further in analogy 



"The S'?7(3)-central potential has also been studied in ref [ 1 10 1 . 
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to the quantization prescription, ( 2.34Q , 15 right generators R a are introduced. The flavor 



symmetric part of the collective Hamiltonian is similar to the symmetric part in the three 
flavor case (|2.36|) 



12 



V = E + ^E^ 2 + ^ E^+ECl (2-92) 



2« 2 ^ 1 2/3 



m=9 



The moments of inertia are identical to the three flavor expressions. First class constraints 
113j| are obtained for all generators associated with those A matrices of the group SU(Nf) 



which commute with the static hedgehog configuration 

N C B N C B 
R% = > Ri3 = Ru = , -R15 = ^^j- . (2.93) 

The first one, which again requires half-integer spin for the allowed eigenstates, is the same 
as in 5^(3) , cf. eq ( 2.34 ). Also the last one stems from the Wess-Zumino term ( j2.23|) . These 



constraints uniquely select (for Nc = 3 and B = 1) the ground state representations of 577(4) 

1 3 
20 , J = - and 20' , J = - . (2.94) 



A diagrammatic representation of these multiplets is e.g. given in figure 30.2 of ref |p3| . In 
the same way the isospin multiplets are subsets of the SU(3) multiplets in figure the 
SU(3) multiplets are subsets of the SU(4:) multiplets ( p.94j ). The energy difference between 
the lowest lying states in these multiplets (nucleon and A) is found to be independent of Nf-. 
Ma — Mtv = 3/2a 2 . Adding symmetry breaking terms to account for different meson masses 
vtld = 1.9GeV and decay constants fo ~ 1.7/^ shows that the relevant symmetry breaking 
parameters in the baryon sector are about an order of magnitude larger than in the case of 
flavor S77(3) in reasonable agreement with the experimental data. Unfortunately the complete 
symmetry breaking pattern for the SU (4) effective Lagrangian is still unknown. Furthermore, 
due to the lack of a comprehensive set of SU (4) Clebsch-Gordon coefficients, the important 
expansion in symmetry breaking, as in eq ( [2.39|) , has not been carried out. Due to the large 
symmetry breaking in the charm sector, the consideration of the .D-meson as a "would-be" 
Goldstone boson and hence the application of the collective approach is doubtful. Nevertheless 
it is interesting that this approach yields the same ground states as the quark model. As in 
the three flavor model this is caused by the constraints originating from Wess-Zumino term 
( |2.23 ), which represents the anomaly structure of QCD. 



Another generalization of the Skyrme model wave-functions is to consider an arbitrary, 
odd number of colors, Nc, in particular the limit Nc — > oo is of interest. This has been studied 
for the three flavor symmetric model |57| . The main result is that for Nc — > oo the matrix 
elements of collective space operators are (up to an overall factor) identical to their analogous 



matrix elements obtained in the non-relativistic quark model in the same limit ||114|| . In the 
three flavor description the generalization to arbitrary Nc is more involved as in the two flavor 
case because the tensor structure of the baryon wave-functions is more complicated | |115| , [L16| | . 



In what comes we are exclusively interested in the predictions of the soliton picture for 
physical observables. Henceforth we will only consider the case Nc = 3 in three flavor models. 



3 Symmetry Breaking and the Size of the Skyrmion 
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Up to now non-vanishing strange fields have been constructed simply by rigidly rotating 
the hedgehog configuration, which is embedded in the isospin subgroup, into strange directions 
( p.28| ). Except for the induced components ( |2.45 ) the effect of symmetry breaking on the meson 
configuration has completely been ignored. In this chapter two approaches will be presented, 
which go beyond this approximation by allowing the radial dependence of the chiral angle F(r) 
to depend on the flavor orientation. This approach is intuitive because for the kaon fields one 
expects the asymptotic behavior exp(— m^r) rather than exp(— m^r) as is implied by the 
configuration ( |2.28| ). This change in the profile will also cause favorable deviations from the 
SU(3) relations ( 2.62| ) which could not be achieved by any form of the Yabu-Ando method, 
meaning e.g. that whatever complicated structure of the symmetry breaking is assumed for 
the collective Hamiltonian (|2.36|) , the ratio /is+//i p stays close to unity rather than 0.85 as 
demanded by the experimental data. 



3.1 



The "Slow— Rotator" Approach 



Let us, for the moment, ignore the time dependence of the collective rotations. Then 
the angles describing the spatial and isospin orientations of the hedgehog may be absorbed 
by symmetry transformations. This, however, is not the case for the whole flavor space due 
to 577(3) symmetry breaking. Denoting the angle which describes the strangeness changing 
orientation by v = 0...7r/2 a suitable parametrization for (|2.28|) is therefore given by (see 
also appendix A) 



U(r,u) 



ii/\4 



(3.1) 



Substituting this ansatz into the action ( |2.24|) yields an energy functional which is not only a 
functional of the chiral angle F, but also a function of the strangeness changing angle v ||117| 
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(3.2) 



Here the relations ( |2.20|) have been employed to make the dependence on the physical param- 
eters more transparent. Also an additional parameter, e$, has been introduced via the sixth 
order term 



2 



(3.3) 



with the baryon number current being defined in eq (|2.9|) . Since this term may be considered 



as the approximation to the exchange of an infinitely heavy u;-meson ||109|| one obtains at least 
an estimate e 6 ~ 0.015MeV _1 ||118||. Nevertheless, e 6 has been considered to be an adjustable 



parameter in ref ||117 



For a given value of v G [0,7r/2] the minimum of the energy functional ( |3.2|) is obtained. 
Hence the chiral angle is not only a function of the radial distance but also of the SU(3) 
"Euler angle" v: F — F(r,u). The philosophy is that the rotation ( |2.28| ) proceeds slowly 
enough that F can adjust itself to the momentary orientation in flavor space. This causes the 
notion of "slow rotator" in contrast to the "rigid rotator" which is characterized by the chiral 
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r (fm) 



Figure 3.1: Left panel: The chiral angle as functions of the radial distance r and the St/ (3) angle v. Right 
panel: The quantities in the eigenvalue problem ( |3.5| ) as functions of the strangenesss changing angle v. For 
comparison also the behavior of the symmetry breaker in the "rigid rotator" approach is shown. The results 



correspond to the model with the sixth order term (3.3) included 



angle confined to two-flavor reduction as discussed in the preceding chapter. From ( |3.2| ) it is 
furthermore transparent that the symmetry breaking forces yield F(r, 7r/2) — > exp(— m^r) for 
r — > oo, i.e. the kaon field has the proper long-distance behavior. This is indicated in the left 
part of figure |3.1|. In the next step the time-independence of the flavor rotations is waived. 



This yields kinetic terms in the collective Lagrangian as in eq ( |2.32| ) 

1 3 1 7 AT 

L = -E{v) + -a\v) £ flf + -B\v) £ 2 Q - -£=fi 8 + u 2 A(u) . (3.4) 

1 i=\ 1 a=4 2 Vi 



Since the moments of inertia a 2 and (5 2 are functionals of the chiral angle (cf. eq ( |2.43| )) these 



quantities parametrically depend on the strangeness changing angle v. For the expressions 
of o^iy) and f3 2 {v) the reader may consult ref | |117| |. The static part E(u) not only has an 
explicit dependence on v via 1 — Dg$, but also an implicit one implied by the chiral angle. 



The //-dependencies of these quantities is shown in the right part of figure |3.1| . Obviously the 
symmetry breaking exhibited by E{y) is much more moderate than in the case of the "rigid 
rotator". The positivity of E(v) — E(0) also verifies the earlier statement that the hedgehog in 
the isospin subgroup indeed minimizes the classical energy functional in the presence of flavor 
symmetry breaking. The implicit time-dependence of the chiral angle causes the appearance 



of the additional term i> 2 A(z/) in eq (|3.4| ). It has been argued ||117|| that its influence on baryon 



properties is only moderate and may easily be compensated by a slight change of the model 
parameters. Due to the ^-dependence of the moment of inertia for rotations into strange 
directions, /3 2 , the quantization is plagued by ordering ambiguities. The most straightforward 
procedure to obtain an Hermitian Hamiltonian is to substitute the expression (1/(3 2 )C2 by the 
anti-commutator which leads to the collective Hamiltonian 

h = e ^ + (^-^) j2+ H^m' C2|sc,(3)| }^- (3 - 5) 
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Table 3.1: The mass differences of the low-lying i + and | + with respect to the nucleon in the "slow-rotator" 
approach. The models SK4 and SK46 are explained in the text. All data (from r cfs pcj H3) are in MeV. 



Baryons 


SK4 


SK46 


Expt. 


A 


177 


180 


177 


S 


285 


299 


254 




381 


400 


379 


A 


298 


296 


293 


S* 


477 


457 


446 




619 


590 


591 


Q 


731 


699 


733 



From figure it is observed that 1/ 1 f3 2 depends on v only moderately. Hence a different 
ordering of the collective operators, as e.g. suggested by the Pauli-prescription [|119|, does not 



cause substantial changes. The eigenvalues and eigenstates of ( |3.5| ) are constructed in analogy 
to the Yabu-Ando approach |J2] by separating the ^-dependence of the baryon wave-functions 
and writing the quadratic Casimir operator as a differential operator with respect to the 
SU(3) "Euler angles". The details of this treatment may be extracted from appendix A. 



In table |3.1| the resulting mass differences are listed for two sets of parameters 

SKA SK4Q 

e = 3.46 e = 5.61 , . 

e 6 = e 6 = O.OllSMeV- 1 ^ ' 

f K = 118MeV f K = 108MeV . 



In the presence of the repulsive sixth order term ( |3.3| ) the coefficient of the Skyrme term may 
be decreased without strongly effecting the soliton profile. The predictions of both models 
favorably agree with the experimental data. Although fx has been fine-tuned to better 
reproduce the baryon mass differences it is only a little different from the experimental value 
(113MeV). 

Having established the slow-rotator approach from the baryon mass differences it is, of 
course, suggestive to apply this treatment for a study of the static properties of the baryons. 
This investigation proceeds analogously to those for the rigid rotator by calculating the form 
factors defined in section p^4] . Although an extensive study of static properties of baryons 



has been carried out [|117|, |121|| we will focus on the magnetic moments. Here care has to be 



taken of the fact that the radial functions, Vi, defined in (|2.57 ) not only depend on the radial 



coordinate r, but also on the strangeness changing angle v as a consequence of the implicit 
dependence of the chiral angle. Hence we write Vi — V~i(r, v). A typical term contributing to 
the magnetic moments is then given by 



G B M (q 2 ) = -^M B t^J™r 2 dr^ ] Mq\)\v 1 {r,v)D e z + ... 



(3.7) 



Numerically these matrix elements may be evaluated with the techniques explained at the 
end of appendix A. The results are displayed in the lower part of table |3T2| . As already 
mentioned in the previous chapter the rigid rotator approach is not capable of reproducing 
the experimentally observed deviations from the SU(3) predictions (|2.62|) . Actually these 



36 



Table 3.2: The U-spin symmetry for the magnetic moments (in units of the proton magnetic moment) 



compared to the experimental data. The 1 baryons are arranged as in figure 1.1. The rigid rotator results 



correspond to table 2.2 while the data for the non-relativistic quark model are taken from ref [ 122 1 . The lower 



part gives the predictions of the slow-rotator approach [117 1 



-0.68 1.0 
-0.22 

-0.42 ? 0.87 

-0.25 -0.45 



b 1.0 

-b/2 

c b/2 1.0 

c b 



Experiment 



U-spin symmetric case 



-0.78 1.0 
-0.35 

-0.39 0.30 0.98 
-0.31 -0.76 



-0.60 1.0 
-0.20 

-0.41 0.29 0.99 
-0.24 -0.46 



rigid rotator 



nr quark model 



-0.83 1.0 
-0.25 

-0.40 0.23 0.85 
-0.20 -0.54 



-0.79 1.0 
-0.29 

-0.40 0.27 0.94 
-0.24 -0.63 



Sk4 



Sk46 



relations just reflect the U-spin symmetry of the magnetic moments in the flavor octet, which 
is also indicated in table |37|. This feature occurs in the rigid rotator approach although 
the U-spin operation does not relate various eigenstates of the collective Hamiltonian ( |2.36|) 
since these eigenstates represent are no pure octet states; c/eq ( |2.40| ). Amusingly, the non- 
relativistic quark model, which commonly is celebrated for its successful determination of the 
baryon magnetic moments, does not depart from this symmetry either, especially for the ratio 
/is+/yU p [ |122|| . One immediately observes that for the pattern of the magnetic moments the 
slow rotator approach gives the desired improvement compared to the rigid rotator. Stated 
otherwise, the influence of flavor symmetry breaking on the soliton profile is responsible for 
breaking the U-spin symmetry. Obviously this effect is stronger when the soliton is stabilized 
by the Skyrme term than in the case when also a sixth order term is present. It should, 
however, be admitted that the absolute values for the magnetic moments are predicted to be 
too small for both sets of parameters (|3[ 



SK4 : n p = 1.78 SK46 : /i p = 1.90 . (3.8) 



Also in ref ||117|| the magnetic moments of the ~ baryons and the electric radii have 



been calculated. Since experimentally little is known about these quantities we will not go 
into further detail but only mention that again sizable deviations from the flavor symmetric 
predictions were observed. Again these turned out to be larger for SK4 than SK46. In 
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addition the strangeness matrix elements of the (axial)vector currents, which are relevant 
for the description of the semi-leptonic hyperon decays were studied. Apart from the the 
too small result for g a m 1, reasonable agreement with the experimentally known data was 
obtained despite of the large deviation of the wave-functions from their flavor symmetric 
forms. In particular the strange quark contribution to the nucleon matrix element of the axial 
current was found to be reduced to about a quarter of the flavor symmetric value in the model 
SK4. For SK46 the reduction is mitigated to 40%. 

In the framework of the the slow rotator approach the electric quadrupole moments of 
the | + baryons have been studied in ref | 121| |. In particular the influence of flavor symmetry 
breaking has been explored. Various strengths of symmetry breaking are parametrized by a 
different value of the quark mass ration x ( p. 171 ). As a change in x gives different results for 
X s ( ^8T1 , ^82|) these strengths can be translated into the strangeness content of the proton. As 
already explained a large strangeness content X s = 0.23 is found in the flavor symmetric case 
while X s vanishes for infinite symmetry breaking. It turns out that the electric quadrupole 
moments are rather sensitive to the assumed symmetry breaking. While the use of flavor 
symmetric wave-functions causes the electric quadrupole moments to be proportional to the 
charge Q of the considered baryon, an infinite symmetry breaking only yields a proportionality 
to the isospin projection J 3 (the constant of proportionality depends on the isospin multiplet 
under consideration). These two cases are very interesting from a conceptual point of view. 
In a quenched lattice gauge calculation [|123j| a proportionality to the charges was obtained. 



This is in contrast to the recent chiral perturbation calculation of ref ||124|| which found the 
quadrupole moments to be proportional to the isospin. In the sense that symmetry breaking 
may be considered an adjustable quantity measured by the strangeness content of the proton, 
the three flavor soliton models permit a smooth interpolation between the limiting cases. 
However, some care has be taken since we have already observed that X s decreases only slowly 
as x increases. Other quantities like H s exhibit a stronger dependence on x. For the above 
established model SK4, a charge dominated pattern for the quadrupole moments is actually 
found. For example, the quadrupole moment of the Or is obtained as 0.024efm 2 , while that 
of the S*° almost vanishes (— 0.007efm 2 ). This pattern agrees with the lattice result, although 
it is an order of magnitude larger [|123|| . 

Summarizing the slow rotator approach, it has to be concluded that the force exerted by 
symmetry breaking on the soliton configuration has significant effects which, in particular, 
provide the proper deviation from the U-spin symmetric relations. 



3.2 Radial Excitations 

In section the admixtures of higher dimensional SU(3) representations to the standard 
octet and decouplet wave-functions have been shown to account for a proper description of 
the flavor symmetry breaking pattern in the spectrum of the low-lying baryons. Naturally the 
question arises as to what extent the states in these representations are related to experimen- 
tally observed baryons. Ignoring symmetry breaking the mass difference between the state 
with nucleon quantum numbers in the 10 and the nucleon itself is given by 

M Nm ~ M N(S) = {C 2 (TO) - C 2 (8)} « 350MeV (3.9) 

for typical values of (3 2 ( |2.48p ). Since this is not too different from the position of the A 
resonance the physical significance of such states needs to explored. As long as (3 2 < a 2 , 



38 



to which no exception has been obtained in any known soliton model, this state lies above 
the A resonance. The quantum numbers of the N(10) state suggest its identification as the 
Roper resonance (1440). As has been mentioned earlier, the admixture of higher dimensional 
SU(3) representations can be interpreted as additional quark-ant iquark excitations. Hence 
the identification of the iV(10) state as the Roper resonance would imply that the Roper 
represents a quark-antiquark rather than a radial excitation of the nucleon. In general one, 
however, expects a complicated interplay between states of SU (3) representations and radial 
excitations. In order to study such questions the field configuration 

U(r,t) = A(t)U (//(*)r,t) A^(t) (3.10) 



has been considered in refs [ |125| , |126|| . While A(t) again describes the flavor orientation of 
the hedgehog, the collective coordinate fi(t) is introduced to describe radial excitations [fL27[| . 
Commonly this degree of freedom it is referred to as the breathing mode. As will be explained 
shortly the resulting baryon spectrum exhibits too strong a flavor symmetry breaking. For that 
reason a model has been considered in ref | |126| | which contains an additional isoscalar scalar 
meson field a. This degree of freedom is incorporated as an order parameter for the gluon 
condensate to imitate the QCD trace anomaly |[L28|| . For the details of this effective meson 
Lagrangian the reader may consult ref [[129|| . Here it suffices to display the flavor symmetry 
breaking part 



SB 



tilM 



-(3'e 2a (d^Ud^U^U + U^d^Ud^U^ + <5'e 3ff (u + j . (3.11) 



As a further change of the Lagrangian the non-linear a term ( |2.3| ) acquires a factor e 2<J . There 
are also kinetic and mass terms for the cx-field. These involve an additional parameter which 
can be determined from the empirical value of the gluon condensate | 129 |. Since the profile 
a(r) < 0, it is obvious that the extension by this scalar fields mitigates the effects of flavor 
symmetry breaking. Only configurations, which correspond to shallow bags, e.g. a(r = 0) 



being close to zero, have been considered in ref 1126 ]. 

Substitution of the parametrization ( |3.10| ) into the mesonic action ( |2.24| , |3TTT| ) yields a 
Lagrangian for the collective coordinates A{t) as well as x{t) = [//(£)]" 
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(3.12) 



A term linear in x, which would originate from flavor symmetry breaking terms, has been 
omitted because the matrix elements of the associated SU(3) operators vanishes when properly 
accounting for Hermiticity in the process of quantization . The expressions for the constants 



ctx, . . . , S3 as functionals of the chiral angle as well as numerical values may be extracted from 
refs 1T25I, |L2l. 



The baryon states corresponding to the Lagrangian ( |3.12| ) are obtained in a two-step 
procedure. For convenience one defines 



m = m(x) = -(ai + CL2X 2 ) , a = a(x) = a\x 2 + a^x 3 
9 



six) 



six 2 + sx^ . (3.13) 
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Then the flavor symmetric part of the collective Hamiltonian 



1 d a 3 3 4 d ( 1 1 \ 1 3 

H = -u^WtA^tt, +b+ {r a -2p) J{J+1) + wf M " ¥ + s ' (3 ' 14) 

is diagonalized for a definite SU(3) representation /i. Denote the eigenvalues by S^ n and 
the corresponding eigenstates by where n M labels the radial excitations. Actually the 

eigenstates factorize n^) = |//)|n^). In this language the nucleon corresponds to |8, 1) while 
the first excited state, which commonly is identified with the Roper (1440) resonance, would 
be 1 8, 2). Of course, we are interested in the role of states like \10,njQ). In order to answer 
this question the symmetry breaking part has to be taken into account as well. This is done 
by employing the states n^) as a basis to diagonalize the complete Hamiltonian matrix 

# M , W ',n', = ~ (^I^W) WK^K') ' ( 3 ' 15 ) 

ft 

The flavor part of these matrix elements is computed using £77(3) Clebsch-Gordon coefficients 
while the radial part is calculated using the appropriate eigenstates of ( [3.14 ). Of course, this 



can be done for each isospin multiplet separately, i.e. flavor quantum numbers are not mixed. 
The physical baryon states \B, m) are finally expressed as linear combinations of the eigenstates 
of the symmetric part 

\B,m)= £<?SrW> • ( 3 - 16 ) 

The corresponding eigen energies are denoted by -Es >m . The nucleon \N, 1) is then identified as 
the lowest energy solution with the associated quantum numbers, while the Roper is defined 
as the next state (\N, 2)) in the same spin - isospin channel. Turning to the quantum numbers 
of the A provides not only the energy Ea,i and wave-function |A, 1) of this hyperon but also 
the analogous quantities for the radially excited A's: Ea,u and |A, n) with n > 2. These 
calculations are repeated for the other spin - isospin channels yielding the spectrum not 
only of the ground state | + and | + baryons but also their radial excitations. For both 
models (with and without scalar field) the predicted eigen energies of the Hamiltonian ( |3.15| ) 



are compared to those of the experimentally observed baryons in figure O . As remarked 
previously this treatment of the pure Skyrme model yields mass differences of the hyperons 
which are considerably larger than the empirical data. Including, however, the scalar field 
according to eq ( |3.11| ) provides an excellent agreement for the mass differences for the ground 
states of each spin-isospin channel. The inclusion of the scalar field also leads to an improved 
prediction for the Roper resonance although its position is still underestimated by about 
80MeV. Nevertheless, the overall picture obtained for the mass differences suggests that the 
model gives quite reliable information about the structure of the baryon wave-functions. This 
structure is parametrized by the coefficients C^' m ) defined in eq (|3.16| ). For the lowest energy 
states with nucleon quantum numbers these are displayed in figure |373|. As expected the 
nucleon state \N, 1) is dominated by the lowest octet excitation. In addition to the admixtures 
of the higher dimensional SU(3) representations, which are expected from the expansion ( [2.40| ), 
the second octet excitation has a sizable amplitude. More surprisingly, the structure of the 
Roper resonance is very complicated. Although the assumption that this state is dominanted 
by 1 8, 2) is confirmed in so far that this component has the largest amplitude, other components 
(especially |8, 1)) are equally important. The picture of the Roper being a radial excited 
nucleon is partially verified because it is always the second radial state, which dominates in 
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Figure 3.2: The mass differences of the predicted baryons in the breathing mode treatment of the three flavor 



Skyrme model with e=5.0. Full lines: scalar field included [126 ; dashed lines: pure Skyrme model [125 1 ; dotted 



lines: experimentally observed states 1 33 . In this presentation the ground states of the A and S channels in 
the model with the scalar field and the experimentally observed counterparts are (almost) indistinguishable. 



the higher dimensional SU(3) representations. In the case of the pure Skyrme model one 
actually finds |Cg° pcr | > |C^2 Pcr | ||125 ] . Amusingly the |8, 1) component is completely absent 



in the wave-function of the next state above the Roper with nucleon quantum numbers. This 
state should be identified with the Pn(1710) resonance. The analogous studies for the A, E 
and 5 channels are presented in ref ||1 25|| for the case of the pure Skyrme model. 



In the framework of the scaling treatment various static properties of the low-lying baryons 
have been computed [ 125 , 1 26 1 . As an example the predicted magnetic moments of the \ + 



baryons are shown in table 3.3 



As for the mass differences in the pure Skyrme model, the scaling treatment over-estimates 
the symmetry breaking: The deviation from the SU(3) relations ( |2.62| ) is larger than experi- 
mentally found. On the other hand the additional scalar field mitigates the flavor symmetry 
breaking effects properly. Again the experimentally observed deviation from the U-spin rela- 
tions (cf. table |3~2] ) is reproduced, comparable to the slow rotator approach. It is especially 
this result for the magnetic moments which indicates that the scaling and slow rotator ap- 
proaches are quite similar. As a matter of fact both treatments attempt to incorporate the 
effects of flavor symmetry breaking on the soliton profile. While the slow rotator does this 
on a classical level, the admixture of radially excited states may be regarded as a quantum 
description of the same problem. 

For completeness it should also be remarked that the axial properties of the hyperons 
have also been studied in the scaling treatment. As in the rigid and slow rotator approaches, 
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Figure 3.3: The amplitudes C^nT of the three lowest states with nucleon quantum numbers. The intervals 
indicated along the abscissa refer to the radially excited states within an SU(3) representation ^. Here the 
model including the scalar field has been used with e=5.0. 



consistency with the Cabibbo model |)1|] was obtained together with a strong reduction of 
strange quark contribution to the axial current of the nucleon. This appears to be a common 
feature of models, which incorporate flavor symmetry breaking in the baryon wave-function. 
To be specific, the matrix element of the eighth component of the axialvector current between 
nucleon states (see eq ( |2.67| )) is only one third of its flavor symmetric value while the pre- 
dictions for the matrix elements characterizing the semi-leptonic hyperons decays agree with 
the experimental values within 10% after normalizing with respect to the axial charge of the 
nucleon. 

In order to summarize the studies compiled in this chapter it is important to remark that 
one has to go beyond the rigid rotator treatment in order to reproduce the detailed structure 
of the baryon properties. In particular, this has become obvious for the magnetic moments of 
the \ + baryons. As will be discussed in chapter |5] the bound state approach to include strange 
130| , |131| ] can be compared to the rigid rotator in the limit of very large 

W 



1.1 132 



sec 



degrees of freedom 

flavor symmetry breaking. Hence the bound state approach result / ji p 
also table [5.2|) has to be considered as an additional support of the above statement that the 
rigid rotator is too crude an approximation for a detailed prescription of baryon properties. 

Unfortunately the two treatments introduced in the present chapter cannot straightfor- 
wardly be applied to more complicated but also more realistic effective meson Lagrangians. 
This is also the case for the vector meson model to be discussed next. The reason being that 
the time components of the vector meson fields commonly have to satisfy special constraints 



42 



Table 3.3: The magnetic moments in the scaling treatment of the Skyrme model (I). Model (II) contains the 
additional scalar field (3.11). Results are given in nucleon magnetons as well as ratios of the proton magnetic 
moment. 





I 


II 


Expt. 


UaL \ UI1 


f^B 


H'B/ H'p 


H'B 


H'Bf h^p 


H'B 


H'B / H'p 


V 


2.58 


1.00 


2.21 


1.00 


2.79 


1.00 


n 


-2.26 


-0.86 


-1.84 


-0.83 


-1.91 


-0.68 


A 


-0.50 


-0.20 


-0.52 


-0.24 


-0.61 


-0.22 


£+ 


2.01 


0.78 


1.82 


0.82 


2.42 


0.87 


S° 


0.40 


0.16 


0.44 


0.20 






E- 


-1.21 


-0.47 


-0.94 


-0.43 


-1.16 


-0.42 


^0 


-1.06 


-0.41 


-1.06 


-0.48 


-1.25 


-0.45 




-0.37 


-0.14 


-0.41 


-0.19 


-0.69 


-0.25 


S° -> A 


-1.55 


-0.60 


-1.37 


-0.62 


-1.61 


-0.58 



which are fulfilled by the classical soliton configuration. However, the introduction of addi- 
tional time dependence (either via the strangeness changing angle v(t) as in section |3.1| or 



the breathing mode coordinate /x(t) as in section |3.2|) would spoil these constraints making 
impossible the quantum prescription. 

Furthermore, all the above described modifications of the rigid rotator treatment predict 
A*3- / /U-a < 1 in contrast to the experimental observation. This indicates that further refine- 
ments are necessary. 
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4 Inclusion of Vector Mesons 



As already mentioned earlier, short range effects are missing within the pseudo-scalar 
Skyrme model. Such effects may elegantly been incorporated by extending the model to 
contain vector meson fields. The associated profile functions have their major support in the 
vicinity of the origin. From the studies of two nucleon reactions in meson exchange models 



134|| it is well known that these fields play an important role in the description of low energy 
processes. Also the phenomenologically successful concept of vector meson dominance (VMD) 
||135|| supports the explicit consideration of these fields. The VMD hypothesis states that a 



photon does not interact directly with the nucleon but rather it switches to a heavy vector 
meson, which then couples to the nucleon. On the other hand it has already been remarked in 
the preceding chapters that the stabilizing terms Q2.7| ) and ( |3.3| ) can be motivated within the 
infinite mass limit of the interaction of the pions with the p and uo vector mesons, respectively. 
In that limit the Skyrme parameter is identical to the coupling constant of the p meson to two 
pions, g p7T7T while e 6 is proportional to g W7r7r7r , the coupling of the u meson to three pions. Of 
course, it is more appealing to keep these mesons explicitly in the effective meson Lagrangian 
rather than to assume the infinite mass approximation. The explicit incorporation of these 
fields yields important improvements for the description of baryon properties. Some of them 
were already encountered soon after the soliton picture for baryons had become popular. 
Before going into the details of the vector meson model for three flavors, it is illuminating 
to briefly comment on a few of these improvements. The presence of a finite mass u meson 
provides an increase of the isoscalar radius 



(r 2 ) /=0 « (r 2 ) B + A- , (4.1) 
m v 

where (t 2 )b is the radius associated with baryon number current ( |2.9| ). The additional piece 
in eq (|4.1|) is a consequence of (approximate) VMD, which indeed is observed when including 



the vector mesons in a chirally invariant manner. As can be seen from table |272| this increase 
of about 0.35fm 2 will significantly improve the prediction for the radii. Another interesting 
feature of finite mass vector mesons concerns the nN scattering amplitudes. In this context 
it was soon realized ||136|| that keeping the mass, my, of the vector mesons finite solves the 
problem of the ever-rising phase shifts observed in the Skyrme model description of ttN 
scattering ||137||. Actually, this effect is similar to the transition from the Fermi model for 



weak interactions to the standard model. It just implies a reduction of the contact interaction 
at large momentum 

9%, — 4=^ ■ (4-2) 
H my — q z 

Other interesting features of the vector mesons are that these fields are mandatory to obtain a 



finite matrix element of the singlet axial current |25[ as well as a non-vanishing prediction for 



the strong interaction piece of the neutron proton mass difference [46]. As a matter of fact 



these two issues are strongly related as will be discussed in section 4.4 



4.1 The Vector Meson Lagrangian 

In this section a realistic effective Lagrangian, which contains vector meson degrees of 
freedom as well as the pseudo-scalar fields, will be constructed. Here the language of the 
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massive Yang-Mills approach will be used although the resulting Lagrangian is identical to 
the one obtained in the hidden symmetry approach ||138|| when terms, which do not transform 



properly under charge conjugation, are omitted ||139 |. 

In order to avoid the appearance of explicit axial-vector fields without violating global 
chiral symmetry it is helpful to introduce auxiliary "gauge fields" and A R ||52|| . Under a 
local chiral transformation (12.21) these fields are assumed to behave like 



A 




and A 



(4.3) 



The physical relevance of the gauge coupling constant g will be explained shortly. Under 
parity one demands A^ <-> A Rl1 . The axial- vector content of and A R is then eliminated by 
imposing the condition 



A 



u l A * + A 



(4.4) 



on these auxiliary fields. Here U denotes the chiral field ( 2.13 ) which transforms according 
to (|2.2|). Since the RHS of eq (|4.4|) transforms like a "left gauge field" chiral invariance is 



not violated when replacing A^ accordingly. A convenient realization of the condition (4.4) is 
given by 



A 



ft and A 



(4.5) 



where the root of the chiral field has been introduced, £ = U 1 ^ 2 . Since under parity f <-> ft it 
is easy to verify that contains vector meson degrees of freedom only. This field is therefore 
identified with the physical vector meson nonet 



a=l z 



V V2 



1 K 



J_ Tf*0 



J_ Tf*0 

75^ / 



(4.6) 



where the Lorentz indices have been suppressed. Under the chiral transformation this vector 
field also behaves like a gauge field [|140|1 



K^ + ^d^K^ and f -»• L£K^ = K£ltf . 



(4.7) 



For vector transformations the last equation, which defines the matrix K, is trivially solved 
bjL = R = K while for axial transformations, L — W , the matrix K depends on the meson 
field configuration £. 

The effective vector meson pseudo-scalar Lagrangian is developed in two steps. First a 
chirally invariant Lagrangian is constructed in terms of the auxiliary fields A^> R . Subsequently 
the axial-vector degrees of freedom are eliminated by the realization (|4.5|) . As this realization 
merely is a gauge transformation for the fields Aj^' R , the kinetic part for the vector mesons is 
uniquely given by 



-^[FMF^ip)) 



(4- 
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where F^ v (p) = d^p v — d v p^ — ig[p^,p v ] refers to the field strength tensor of the p meson. 
This field acquires a mass by adding terms quadratic in A^ ,R which are invariant under global 
chiral transformations only 



A L A Lfl + A R A Rfi 



B 

— tr 
2 



A L UA R ^ 



(4.9) 



The identical coefficients of the first two terms are demanded by parity invariance. Employing 
the realization ( }4.5| ) one observes that the expression ( }4.9| ) not only contains the vector meson 
mass term but also the non-linear a model when identifying 4m\ — 2B = m\ and 4m\ + 2-B = 
g 2 fl- Here my denotes an average mass of the vector meson nonet ( [4.61) . Next, one has 
to account for the mass splittings of the vector mesons. To leading order in the symmetry 
breaking, an appropriate term which properly behaves under chiral transformations, can be 
constructed from the last expression in ( |4.9| ) 



—a tr 



M ( Af,UA Rfl + A R U^A L A 



(4.10) 



The reader may consult ref [|141|| for a very recent and elaborate study of symmetry breaking 
in the meson sector. Introducing, for convenience 



(4.11) 



(see eq (|2.16|) for the relevant definitions) the explicit form of the Lagrangian may compactly 
be written as 



C 



non— an 



tr 



1 ~. 



4 



-2d 'RJ? (T + + xS 



+ ( - ^ ) Pl jf (T + + xS + ) + 5' (t+ -2T + x(S" 



2S 



(4.12) 



where the index indicates that the anomalous terms (involving the anti-symmetric tensor 
have not yet been included. Expanding this Lagrangian up to quadratic order in the 



meson fields allows one to express the parameters of the model in terms of the physical decay 
constants and masses. Typical examples are (see also eq ( |2.20| )) 



m 



K* 



m 



v 



2a'(l + x) . 



(4.13) 



The complete set of equations may be found in ref f4"6| . The third term in eq ( [4.12 ) contains 
the pirir vertex 



m 2 y tr [RpRf] = ^ |p>^ + -Lp M . (tt x d^) + . . .} 



(4.14) 
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Utilizing the experimental data (/„- 
eters 101 



93MeV, g p7T7T = m\j\f2gfl = 8.660) yields the param- 



U ft 0.092GeV , m v 
-2.8 x 10" 3 GeV 2 , (3' ft 



0.766GeV , 
-7.14 x l(T 5 GeV 2 



5.57 



x 



36 



5' ft 4.15 x 10" 5 GeV 2 



(4.15) 



Due to the presence of the a' type symmetry breaker the values of j3' and x are slightly changed 
compared to the pure pseudo-scalar model ( |2.21| ). One might want to include a symmetry 
breaker for the kinetic part of the vector meson fields |[46||. As it is the goal to describe the 



baryons with a minimal set of terms in the effective meson Lagrangian, such a term is omitted 
unless some fine-tuning of the model is required. 

In order to complete the vector meson model Lagrangian the anomalous terms have to be 
added. For their presentation it is most useful to introduce the notation of differential forms: 
A R = A^dx^ 1 , d = d^dx 11 , etc. . Since the left and right "gauge fields" are related via the chiral 
constraint ( f4.4p the number of linear independent terms, which transform properly under the 
chiral transformation as well as parity and charge conjugation, is quite limited [|52|, f3l 



A L a 3 , dA L aA L - A L adA L + A L aA L a , 2 (a l ) 3 a + -A L aA L a . (4.16) 

v ' 9 

Of course, including these terms in the model Lagrangian will introduce three more parameters: 
7i, 72 and 73. Noting that a = £p^ a suitable presentation of the anomalous part of the action 



is given in terms of the quantities defined in eq (|4.11 



iN, 



c 



240tt 2 
+ 



tr 

m 4 V6 



V) 



71 + lp2 



Rp 3 - \gi2F{ P ) [pR - Rp] - g 2 [72 + 2 73 ] R 3 p) , (4. 17) 



where also the Wess-Zumino term ( |2.23| ) is included. In ref [ |139| ] two of the three unknown 
constants, 71,2,3 were determined from purely strong interaction processes like us — » 3n. Defin- 
ing h = — 2v27i/3, gvv<j) — 912 and k = 73/72 the central values h = ±0.4 and gvv4> — ±1-9 
were found. Within experimental uncertainties (stemming from the errors in the u) — <f> mixing 
angle) these may vary in the range h = —0.15, . . . , 0.7 and gvv<f> — 1-3, . . . , 2.2 subject to the 
condition \gvv<j> ~ h\ ft 1.5. The third parameter, k could not be fixed in the meson sector. 
From studies [142] of nucleon properties in the two flavor model it was argued that k ft 1 



represents a reasonable choice. These studies also allowed one to fix the overall signs of the 
parameters 71,2,3 (which cannot be determined in the meson sector) to be gvv4> ~ +1-9 when 
-F(O) = +7T. The model can equivalently be formulated for -F(O) = — it. Then the signs of the 
coefficients 71,2,3 as well as that of the Wess-Zumino term ( |2.23| ) have to be changed. 



4.2 Baryon Masses 

In order to compute the spectrum of the low-lying baryons in the vector meson model the 
coefficients in the collective Hamiltonian (|2.36|) have to be evaluated from the action 

d x/l non — an -|- r an . (4.18) 



a The coupling constant g p7T ^ is computed from the width r p7r7r = 151MeV |3c 
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The generalization of the hedgehog ansatz ( |2.10|) to the vector meson model requires the time 
component of the u) field and the space components of the p field to be different from zero. All 
static fields are embedded in the isospin subgroup of SU(3). Parity and grand spin symmetry 
allow for three radial functions 



^ = exp ( -r ■ tF{ I-', 



LO 



2g 



G(r) 
gr 



-tijafj 



(4.19) 



Substituting these ansdtze into the action ( [4.1 8| ) yields the classical mass E. Its functional 
form is displayed in eq (|B.1|) . Application of the variational principle to this functional leads 
to second order coupled non-linear differential equations for the radial functions F(r), uo{r) 
and G(r). The boundary conditions for the chiral angle F(r) = it and F(oo) = 0, which 
correspond to a unit baryon number, also determine the boundary conditions of the vector 
meson profiles via the differential equations, e.g. G(0) = —2. A typical set of resulting profile 



functions is shown in figure Pa. These radial functions are subsequently employed to evaluate 
the symmetry breaking parameters 7, ot\ and cf. eqs ( |B.8| ) and ( |B.9| ). 

The computation of the moments of inertias a 2 and j3 2 is more involved due to the appear- 
ance of induced components. In contrast to the pure pseudo-scalar model also (mainly vector 
meson) fields are also excited by the collective rotation in coordinate space. In the context of 
the collective approach to the three flavor model the collectively rotating vector meson fields 
are parametrized as 



(4.20) 



where A(t) again is an 577(3) matrix. In addition to the static vector meson profiles p(r) and 
u(r) (|4.19|) three radial fields are induced by the spatial rotation [|7(| 



(4.21) 



Suitable ansdtze for the vector meson fields! which are excited by the flavor rotation into the 
direction of strangeness are given by [|144j| 



S(r) 



Ki 



K* = — 
1 2g 



, ^ A D(r) A 
iE(r)ri H e ijk rjT k 



n 



K ■ 



(4.22) 



Again the flavor decomposition of the angular velocity matrix Y? a =i ^aA a , as in eqs ( 2.2S ) and 
( |2. 461 ), has been employed. The parametrization fl2.45| ) for the pseudo-scalar fields has to be 
augmented by an rj field component 



Z(r) 





(4.23) 



The pseudo-scalar nature of the r] meson requires the ansatz T]x = rj(r)r ■ f2/ f w . The kaon 
field is again given by ( |2.45| ). As explained in the context of the pseudo-scalar model (section 



fe In ref |143|] a simplified treatment has been considered where the time component of the vector field, S(r) 
represents the only non-trivial excitation due to the rotation into the direction of strangeness. 
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. O 




Figure 4.1: The radial dependencies of the profile functions in the vector meson model, a) classical fields 
minimizing the static energy M, b) induced fields for the moment of inertia « 2 , c) induced fields for the 
moment of inertia p 2 . u is in GeV, <j>,W and D are in GeV -1 while all other fields are dimensionless. The profile 



functions correspond to the parameter set (4.15) and (4.24) 



|2.3| ) those terms in the effective action, which are linear in the time derivative, provide the 
sources for these induced radial functions. These sources are functions of the classical fields 
( f4.19|) . The variational treatment of the spatial moment of inertia, a 2 then yields the radial 



functions ^i,^;^ and 77, which are displayed in figure |4.1[ b. Similarly the radial functions 
S, E, D and W drawn in figure |4.1| c, are obtained from the strange moment of inertia, (3 2 . In 
an attempt to freighten the reader, the explicit expressions for these moments of inertia are 
presented in appendix B. 

The remaining coefficients 75, 77- and jts of the collective Hamiltonian ( |2.36p vanish for 
the action QCTgp . 

For a given set of parameters of the effective action the coefficients of the collective Hamil- 
tonian (|2.36|) may now be evaluated. Subsequently its eigenvalues, which are identified as the 
baryon masses, are computed using the exact diagonalization procedure^ described in section 
|2~3| and appendix A. The remaining freedom in choosing the parameters h, gvv<t> an d k is used 
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Table 4.1: The predictions for the mass differences of various baryons with respect to the nucleon in the vector 
meson model (VM) compared to the experimental data (all in MeV). 





A 


s 




A 


E* 




ft 


VM 


159 


270 


398 


311 


448 


592 


718 


Expt. 


177 


254 


379 


293 


446 


591 


733 



to optimize the predictions for the baryon mass differences. This yields 

h = 0.3 , ~g VY4> = 1 .3 , k = 1.2 , (4.24) 

which actually is close to the central values discussed above. These parameters together with 
fl4.15| ) result in 

E = 1.628GW, a 2 = 5.1UGeV~\ 1 = 4.302GeV~\ 

7 = 1.755GeV, a x = 2(3 X = 0.454 (4.25) 

for the non-vanishing coefficients of the collective Hamiltonian fl2.36p . The induced meson 
fields r), . . . ,D actually cause the moments of inertia to decrease compared to the case when 
these fields are omitted. While the contribution of the induced components to the spatial 
moment of inertia a 2 is sizable, it is almost negligible ||144|| for the strange moment of inertia 
P 2 - 

In table [TT] the mass differences obtained for the set (|4.25| ) are compared with the ex- 
perimental data. Obviously a reasonable agreement with experimental data can be gained. 
These mass differences certainly represent an improvement over the pseudo-scalar model (see 
table |2.1| ). In particular, the | baryons lie higher in energy (relative to the nucleon) than in 
the pseudo-scalar model. This is caused by the decrease of the spatial moment of inertia a 2 , 
which is due to quite an extended soliton, see figure P~T| As will be discussed in the proceeding 
section such large extension of the soliton is also reflected in the predictions for the baryon 
radii. Simultaneously the larger soliton leads to a sizable symmetry breaking coefficient 7. 
Nevertheless the ratios fl2.49|) of the mass differences are closer (1:0.70:0.81) to the leading 
order (in symmetry breaking) prediction than in the pseudo-scalar model. The reason being 
that the additional coefficients a x and Pi mitigate the effect of symmetry breaking. In case a x 
and Pi had turned out to have the opposite sign, the effects of the symmetry breaking terms 
would have added coherently to 7. 



Up to now isospin breaking effects have been ignored, i.e. y = in eq ( |2.17| ). Substituting 



the above described meson field configurations into the relevant pieces of the action yields 

Cai = (f^inF + ..A L> 3 A - D 38 - cosF) + . . . J , (4.26) 

where only typical two and three flavor expression involving respectively the collective expres- 
sions D^Qi and D 3 s are shown!. For the nucleon the matrix elements of D 3 s and D$3 only 
differ in sign. From figure |2.3| one therefore deduces that (A^-DaglAf) suffers a large reduc- 
tion for actual amount of symmetry breaking. Hence the proper description of the neutron 



c Obviously £a/ yields the strong interaction parts to the mass differences within an isospin multiplet when 
first computing the integrals over the radial functions and subsequently evaluating the matrix elements of the 
collective operators. 
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proton mass difference An requires the major contribution from the two flavor piece. This, 
of course, is expected because this mass difference is nothing but a consequence of different 
current up and down quark masses and should therefore already be present at the two flavor 
level. However, in a purely pseudo-scalar model one finds r] (r) = 0. Hence there is no two 
flavor contribution to A^v in purely pseudo-scalar models. This conclusion also holds for the 
terms not explicitly shown in eq (|4.26|) . The i] meson is only induced in the presence of vector 
mesons. Hence a two flavor contribution to only occurs when the pseudo-scalar model 
is augmented by short range effects, which are imitated by the vector mesons, The actual 
calculation in the vector meson model gives about 1.3MeV for the two flavor contribution 
to Ajv- Three flavor effects may account for additional 0.5MeV. Hence the sum (1.8MeV) fa- 
vorably agrees with the experimental value (1.3MeV) when the effects of the electromagnetic 
interaction 48 , A'kF 1 = —0.76 ± 0.30MeV are taken into account. In section 14.4J we will see 



that fine-tuning A^v provides a handle to disentangle the matter and glue contributions to 
the axial singlet matrix element of the nucleon. 



4.3 



Static Properties 



The appropriate definitions of the observables and form factors have already been provided 
in section |2~~4l . The covariant expression for the currents associated with the action is presented 



in eq (2.12) of ref [40|. Rather than going into detail it is interesting to consider the expansion 
of the vector current in terms of the meson fields ( |2.13| , fOl~|) 



9 



tr {Q a 



2p, 



1 $<9 M $ 



+ 



(4.27) 



The first term in this expression reflects exact VMD while the second one approximately 
vanishes^ for the parameters ( 4.15 ). Hence the model contains the VMD concept, at least 
approximately ||146j . 

When substituting the parametrizations (^.19| , fOT| , |4.22| ), the formal structure of the cur- 
rents remains unaltered compared to that of the pseudo-scalar model. Here, however, the 



radial functions Vi(r), etc. in eq ( |2.57|) are given in terms of the profiles F(r), oo(r), G(r) } 
£i(r), . . . , D(r), whose computation has been described in the preceding section. The explicit 
expressions, which are quite awkward, are given in appendix B of ref |4(|]. Only for the 
case of the axial singlet current (which in the pseudo-scalar model is a total derivative ( |2.70| )) 
conceptually important changes will appear. This will be considered at the pertinent occasion. 
The numerical results for electromagnetic observables obtained in the vector meson model, 



which are computed in analogy to the pseudo-scalar model, are presented in table Like 
in the case of the mass differences an improvement over the pseudo-scalar model is obtained. 
Most apparently, the absolute values of the magnetic moments have increased significantly 
as a consequence of the more extended soliton. Accept for the hyperon H° this represents a 
desired result. The prediction is about 40% off the experimental value in this special case. 
This is again linked to the fact that only minor deviations from the SU(3) relations ( 2.62| ) 
occur. It has already been discussed in chapter |3| that the rigid rotator approach, which has 
been applied here, cannot accommodate the experimentally observed deviations. However, 
the vector meson model correctly describes the ratio fiz-f^A, which was not possible with 
the pseudo-scalar model, even when the rigid rotator approach was modified. Statements on 



It vanishes identically when parameters satisfying the KSRF relation |145| are used 



51 



Table 4.2: The electromagnetic properties of the baryons compared to the experimental data. The predictions 
of the vector meson model are taken from ref and correspond to the parameter set ( 4.15 ) and ( 4.24 ) . 





II n( 


l.in. ) 


' MV 
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r|(fm 2 ) 


B 


VM 


Expt. 


VM 


Expt. 


VM 


Expt. 


P 


z.ou 


9 7Q 
z. i y 


n qa 
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1 9D 

X .ZiU 


u. 1 *± 


n 


-1.87 


-1.91 


0.94 


0.77 


-0.15 


-0.12 


A 


-0.60 


-0.61 


0.78 




-0.06 




£+ 


2.41 


2.42 


0.96 




1.20 




S° 


0.66 




0.86 




-0.01 




£- 


-1.10 


-1.16 


1.07 




-1.21 




wo 


-1.96 


-1.25 


0.90 




-0.10 






-0.84 


-0.69 


0.84 




-1.21 




E° -> A 


-1.74 


-1.61 


0.97 









this ratio are apparently model dependent, in particular because the 577(3) relations Q2.62 ) 



give no information. One further recognizes much larger magnetic and isoscalar electric radii 
than in the pseudo-scalar model. Of course, this is partially due to the bigger soliton but 
mainly this result reflects the effects of VMD as discussed in the introduction to this chapter, 



see eq (|4~1). In the case of the electric radius of the proton these effects are too strong and 
some improvement appears to be needed. This can also be observed from the full momentum 
dependence of the proton electric form factor (see e.g. figure 3a of ref |40fl), which drops off 
more rapidly than the dipole fit, (1 + Q 2 /0.71GeV 2 ) -2 . On the other hand the momentum 
dependence of the neutron electric form factor agrees reasonably well with the empirical data. 

When adopting the suitable generator ( [2.63|) the vector currents, which have provided the 
electromagnetic properties, may also be employed to compute the strangeness form factors in 



the nucleon. The vector meson model predicts 

fx s = -0.05 , r| = 0.05fm 2 . (4.28) 

The absolute value of the strange magnetic moment fis is even smaller than in the pseudo- 
scalar model ( |2.64| ), which already represented quite a reduction from Jaffe's result (—0.31 ± 



0.09) |3~6|1 . The latter was obtained by using a three pole vector meson fit to dispersion relations 



suggested by Hohler et al. [37]. In ref El this has been explained as a consequence of flavor 



symmetry breaking because the use of an SU(3) symmetric nucleon wave-function (|A.ll ) 



resulted in [Mg w —0.54. Amusingly, the prediction for the squared strange radius r s has the 
opposite sign as the one in the pseudo-scalar model ( |2.64| ). It has been conjectured that the 
positiveness of r 2 is linked to VMD. The argument is that a one pole VMD approach, together 
with u — <f> mixing, leads to r 2 = O.Olfm 2 [38|; which, however, is much smaller in magnitude. 
Also Jaffe |36| obtained a positive value r 2 = 0.16 ± 0.06fm 2 . In table [4.3| the predictions of 
various models for /ig and r 2 are summarized. Obviously these predictions are quite diverse 
and precision experiments should soon provide some resolution. 

When substituting the meson configurations of section [4.2| into the covariant expression 
for the axial current, one obtains for the octet part (a = 1, ... ,8) the general structure 

A-1 = Ail D a k + dfrapDaaQp + A% D ak fl k 

+A^D ak (D 88 - 1) + A^d kaP D aa D sp , (4.29) 
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Table 4.3: Predictions for the strange magnetic moment us and the strangeness radius r|: a. pole fit |36j], b. 
SU(3) symmetric treatment of kaon loops [B4j, c. kaon loop calculation |39|, d. single pole VMD |38[, e. VMD 



combined with kaon loops |39|, f. pseudo-scalar Skyrme model ( 2.64 ), g. vector meson Skyrme model ( 4.28 ) 
h. NJL soliton model llil. 





a. 


b. 


c. 




d. 


e. 




f. 


g- 


h. 




r|(fm 2 ) 


-0.22. ..-0.40 
0.07.. .0.21 


-0.30.. .-0.40 
-0.03 


-0.24.. 
-0.02.. 


-0.32 
-0.03 


-0.003 
0.01 


-0.24.. 
-0.04.. 


-0.32 
-0.05 


-0.13 
-0.10 


-0.05 
0.05 


-0.05.. 
-0.15... 


0.25 
-0.25 



with Afi = A®(r)6 ik + B®(r)r t fj. The radial functions and may be extracted from 
appendix B of ref E0| . It is important to remark that A^) is solely due to the anomalous part 
of the action ( [4.17 ) and would vanish identically if no vector meson fields were present. This 



also causes the axial singlet current to be different from a total derivative 

A° = 2V3f v d<n° + 4° with i° = -^4?^ . (4.30) 

Here rf refers to the singlet component of the pseudo-scalar field $ in the decomposition 
U = exp + riVVSfn)), with tr$ = 0. Now a non-trivial result may be obtained for the 
axial singel matrix element H(q 2 ) defined in eq ( 2.68Q . Obviously, the vector mesons provide a 



conceptual difference over pure pseudo-scalar models. Actually the anomaly equation — d{A® 
fr/trifji] is identical to the equation of motion for the profile function r\ (r) obtained from varying 
the spatial moment of inertia a 2 . This is another manifestation of the fact that the r\ field is 
only excited when vector meson fields (more generally short range effects) are incorporated 
because A^ is the source term. Apparently, the non-trivial result for H(q 2 ) is subject to the 
semi-classical treatment ( [4.21| ), while H(q 2 ) vanishes for the static configuration (|4.19|) . A 
similar feature was already encountered when studying the neutron proton mass difference. 
This strongly supports the above conjecture that the issue of the proton spin puzzle is closely 
connected to this mass difference. 

Due to isospin invariance the Fourier transforms of the components 2v4|, 2v^L4f and 3 A® 
respectively provide the form factors Gy^g 2 ), R(Q 2 ) and H(q 2 ), of the nucleon after computing 
the matrix elements of the collective operators between the nucleon eigenstate of the collective 
Hamiltonian. These form factors are related to the individual quark contributions defined in 
eq flUD via 

G A {q 2 ) = H u {q 2 ) - H d {q 2 ) , 
R(q 2 ) = H u (q 2 ) + H d (q 2 )-2H s (q 2 ) , 

H(q 2 ) = H u (q 2 ) + H d (q 2 ) + H s (q 2 ) . (4.31) 

The predicted momentum dependencies^ of these form factors as well as the strange quark 
contribution to the axial current matrix element of the proton, H s (q 2 ) are shown in figure |4.2j . 
It is a long-standing problem of mesonic soliton models that the axial charge of the nucleon 
9a = Ga^ 2 = 0) is underestimated when parameters are adopted which are suitable for the 
description of the baryon spectrum (see, however, ref |90fl). It is hence not surprising that for 
the set (|4.24|) qa is predicted too small by about 30% 

g A = 0.93 , R(0) = 0.38 , H(0) = 0.29. (4.32) 



"Similar studies for the two flavor reduction of this models are presented in ref [147 
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Figure 4.2: The momentum dependence of the nucleon matrix elements of the axial-vector current, which are 
associated with the strangeness conserving components. For the definition of the displayed quantities see eqs 
( |2.55|) and ( |l3l|) . Left panel ( |4.24|) , right panel (|4.33|) . In both cases the parameters of the non-anomalous 
part of the action are given by ( |4.15| ) . 



Amusingly these results approximately satisfy the SU(3) relation -R(O) = 3(?a/7. However, it is 
important to establish that the isosinglet form factors -R(O) and H(0) show almost no variation 
within the allowed parameter space of h =, gvv<f> an d k ]2"5| , while Qa exhibits quite a strong 
parameter dependence. Stated otherwise, the above given values for -R(O) and H(0) represent 
firm predictions of the vector meson model. Furthermore these form factors are dominated by 
the contribution of the in eq (|4.29|) in contrast to Ga, which is dominated by . Hence 



the above quoted SU(3) relation between -R(O) and qa is purely accidental for the parameters 
( [4.24| ). The reason actually is the too small prediction for qa- The correlations between -R(O) 



and H(0) furthermore cause the strange contribution to axial current of the nucleon, H s (q 2 ) 
always to be tiny as can also be seen from figure 172". In order to confirm these statements a 
parameter set 

h = -0.1 , g VV(j> = 1.4 , k = 1.0 , (4.33) 

which properly reproduces Qa has been considered. This set is neither in the allowed parameter 
space nor does it reasonably describe the baryon spectrum. Nevertheless it is helpful for the 
discussion of axial properties of the nucleon. As can be observed from the right panel in figure 



4~2| the isoscalar form factors are indeed strongly correlated and neither of them scales with 
Ga- For this set of parameters a significant deviation from the SU(3) relation between g& and 
-R(O) is obtained, namely -R(O) = 0.23#a- 

Of course, it is very interesting to put these results into perspective with the EMC, SLAC 
and SMC measurements |74|, [75] of the axial form factors of the nucleon. Although the 
(firm) prediction H(0) m 0.29 favorably agrees with the value extracted from these experiments 



(0.24 ± 0.09 |K|) neither R(0) nor H(0) are suited to carry out this comparison because the 
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present model is formulated to incorporate flavor symmetry breaking effects but no indepen- 
dent information on H s (0) is currently available. Rather the vector meson model prediction for 
the structure function T{(q 2 ) ( |2.66| ), which depends on the individual quark pieces H u>d>s (0), 



should be compared with the "world average" 0.129 ± 0.010 at q 2 = (_10.7GeV) 2 . Using the 
g 2 -dependent coefficients C ns (q 2 ) and C s (q 2 ) as given in ref yields^ 

n{ ^ w , Ge vr) = {° \l (4,4, 

Obviously, the vector meson model excellently explains what commonly is quoted as the proton 
spin puzzle. Once the model parameters are adjusted to give the correct value for g^, the 
integral of the polarized structure function is exactly reproduced. The naively expected matrix 
element of the axial singlet current, H(0)=1, together with = 1-25 and the assumption of 
flavor symmetry yields 0.22, which is much bigger. 

In ref pi the matrix elements describing the semi-leptonic hyperon decays have also been 



computed. As in the pseudo-scalar model these matrix elements are found to be consistent 
with the empirical data of the Cabibbo scheme after accounting for the too small value of 
the nucleon axial charge g&- The deviation of these strangeness changing matrix elements 
from the £77(3) symmetry relations is very moderate compared to the change which may be 
observed for the matrix element of strangeness conserving component R. 

This section can be summarized by stating that for many aspects the vector meson model 
represents an improvement over the pseudo-scalar model, at least for the treatment within the 
rigid rotator approach. The explicit appearance of the vector mesons incorporates short range 
effects, which are not present in the pseudo-scalar model. As a consequence the two flavor 
contribution to the neutron proton mass difference as well as the axial singlet current matrix 
element are different from zero. Especially, since the model nicely describes the measurements 



on polarized lepton-nucleon scattering |2l], |74|, [7^] one wonders whether more information on 



the proton spin structure can be extracted from this model. Related studies will be the major 
issue of the following section. 



4.4 Two Component Approach to the Proton Spin Puzzle 

Soon after the advent of the proton spin puzzle, explanations ||148|1 for the smallness of 
77(0) were attempted via the axial anomaly of QCD 

&>Al = 2i £ m^a^ + d^K,, (4.35) 

i=u,d,s 

where 

K, = W tr {AW - ^AW} (4.36) 

is the Chern-Simons current of QCD. Here refers to the gauge fields of QCD. It has been 
suggested to associate the matrix element of A ^ — as the ordinary "matter" contribution 
to the axial singlet current. Hence one would suspect (A\ — K 3 ) m 1. Essentially it is assumed 
that quark spin is cancelled by the gluonic contribution leading to a small H(0). However, 

^The variation of T^(q 2 ) with the scale q 2 is quite moderate as can be seen from tabic 1 of ref [Q. 
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this treatment is suspicious because the matrix element of is not gauge invariant |[L49|| , in 



contrast to d^Kn. To nevertheless firmly disentangle the "matter" and "glue" contributions to 



H(0), it has been suggested to take the matrix elements of eq ( |4.35| ) and use pole saturation 
POj [i5T| for the evaluation of the RHS 



(P(pWAl\P(p)) = 2i(P(p)\ £ mi q il5 q t \P( P )) + (PipWK.lPip)) 



i=u,d,: 



2M N H(0)u(p) l5 u(p) 



(4.37) 



The "matter" and "glue" components of H(q 2 ) are obtained by identifying the appropriate 
terms on the RHS. The "matter" and "glue" pieces correspond to coupling constants g n >NN of 
the singlet pseudo-scalar field rf and Qgnn of an effective gluon field G = d^K^ to the nucleon. 



In this section the Skyrme model analogue ||152|| to this investigation, which is known as the two 
component approach to the proton spina, will be described. For this analysis it is important 
to note the effects of the i] mesons on baryon properties are commonly very moderate ||142| . 
There seems to be only one exception, the strong interaction part of the neutron proton mass 
difference A^v 
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As a first step the anomaly ( f4.35|) has to be incorporated into the effective Lagrangian |98 



K 



G 2 + ^G (in dettf - In detZ7+) + . . . 



(4.38) 



where the ellipses indicate flavor symmetry breaking terms associated with G. These terms 
are not specified here. The interested reader may consult ref [55] for details. In the context 
of effective meson Lagrangians the pseudo-scalar gluon field G is the equivalent of the scalar 



glueball field exp(cr), which was introduced in section [3.2| to imitate the scale anomaly of QCD. 
Since there is no kinetic term for G, it may be eliminated by its equation of motion. This 
gives rise to rj meson masses 



in 



2 4 

+ r 2} 



(4.39) 



thereby relating the constant k to physical quantities. The coupling of the pseudo-scalar 
glueball field to the nucleon has to be put in explicitly ||150| , |151] , |154!| . In the soliton picture 
this is achieved by adding the chirally invariant term 



GNN 



(4.40) 



to the effective Lagrangian. Finally one may consider a deviation from the nonet structure of 
the pseudo-scalar and vector meson fields by introducing the additional parameter s into eq 

O) 



A* = 2V3Ud lV ° + si° . 
This alters the prediction for the singlet matrix element 

H(0) = (0.30±0.03)s , 



(4.41) 



(4.42) 



9 Rcf. [153 1 provides a brief review and a list of references on the gauge invariant two component decompo- 
sition to the proton spin. 
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wherein an estimate for the "theoretical uncertainty" was made. 

Sandwiching the anomaly equation, which essentially is the equation of motion of the r( 
field 

faff* + ml) rf = j^-PA% + ... (4.43) 



between nucleon states, gives the Goldberg-Treiman relation for the axial singlet current [|15C|| 



g v , NN = ^^-H(0) . (4.44) 



From eq ( |4.40| ) the gluon coupling constant is extracted to be 



MM N t 2y/3F w 

9gnn = —H{0) = - —g v 'NN ■ (4.45) 

smj, t — s mt, 

Solving these two equations for H(0) finally gives the "matter" + "glue" decomposition of the 
axial singlet matrix element 

^ (0) = w 1 ( 9v ' NN ~ 273F 9GNN ) = " matter " + " glue " • (4 - 46) 

The incorporation of the axial anomaly of QCD into the effective meson theory and aban- 
doning the nonet structure has introduced two dimensionless parameters, s and t. For a given 
value of H(0) the model determines the "fudge factor" s, while the strong interaction piece of 
the neutron proton mass difference, A^r ~ 2MeV can be employed to fix t. In order to explain 
the latter point it is illustrative to once again consider a typical contribution to A^v, which 
has already been indicated in eq (|4.26|) , 

A N = ^J d 3 r smF(r) VT (r) + . . . , (4.47) 

where rfr(r) refers to profile function of the non-strange combination of the rj fields, rjr = 
r]T{r)r ■ f2. In ref [45| a detailed analysis of isospin breaking in the meson sector has been 



performed yielding y m 0.42. This analysis also includes second order symmetry breaking 
terms like tr(A4U^ Ai^U), which in the soliton sectors give rise to non-vanishing coefficients 
T^, Ts and T^s in ( |2.36| ). From the equation of motion ( |4.43| ) it is apparent that the radial 
function rjT{r), which is obtained by extremizing the spatial moment of inertia a 2 , strongly 
depends on the parameters s and t. It is then obvious that for a given value of H(0) the 
parameters s and t can be determined from eq (4.42p and reproducing the strong interaction 



part of the neutron proton mass difference. For s of the order unity, t varies in the range 
—0.5. . . — 1.5, the uncertainty being caused by the one in A^v = (2.0 ± 0.3VMeV pgf . In 
any event, g v 'NN and Qgnn have opposite signs. For two sets of parameters^! the resulting 
two component decomposition is given in table [4.4| . The important message to be extracted 
from these investigations is that soliton models for baryons indeed indicate that the smallness 
of the singlet matrix element is due to a cancellation mechanism between quark and gluon 



h 



The detailed analysis |4g] of the symmetry breaking leads to minor changes in the parameters ( 4.15| ). A 



more recent investigation including electroweak interactions favors a smaller value x ~ 25 141] 
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Table 4.4: The decomposition of the axial singlet matrix element H(o) into "matter" and "glue" contributions 



for two parameter sets. I: ft=0.36, gvv<s> =1 - 
are taken from refs 



i, k=1.0 and x=28. II: h=0A, g V y^=1.9, k=1.0 and x=3l.5. Results 



1 155| 





Set I 


Set II 


H{0) 


"matter" 


"glue" 


"matter" 


"glue" 


0.0 


0.54±0.26 


-0.54±0.26 


0.32±0.26 


-0.32±0.26 


0.1 


0.57±0.30 


-0.47±0.30 


0.31±0.30 


-0.21±0.27 


0.2 


0.58±0.30 


-0.38±0.30 


0.31±0.26 


-0.11±0.28 


0.3 


0.58±0.30 


-0.28±0.30 


0.31±0.30 


-0.01±0.28 


0.4 


0.58±0.28 


-0.18±0.28 


0.32±0.27 


0.08±0.27 



contribution. However, the pure matter component of H(0) is still significantly smaller than 
unity, in contrast to the original speculation. Unfortunately, the predictions for the individual 
components of H(0) possess uncertainties, which are quite large. Their accuracy could be 
improved if a more accurate value of the photon exchange contribution to M n — M p were 
available. 

Let us finish this chapter by mentioning that a similar analysis of A N can be used to study 
the Gottfried sum rule 



S, 



G 



dx jw( 



x) + u(x) 



d(x) — d(x)\ 



(4.48) 



in soliton models. Here u(x) denotes the up-quark distribution function in the nucleon, u(x) 
that of the anti up-quark, etc.. Assuming that all antiquarks are equally distributed predicts, 
1/3 fl!56 



S G 
S G 



The evaluation based on the recent NMC data, however, gives a smaller value 
0.240 ± 0.016 | 157 |. Sandwiching the symmetry breaking term (|2.15| ) between nucleon 
states and assuming isospin invariance yields 



S, 



A 



N 



G 



3(m d - m u ) 



(4.49) 



to leading order symmetry breaking. In ref [|1 58|1 the effects of higher order corrections to this 
relation have been estimated to be negligibly small in Skyrme type models. As all available 
data on the difference — m u are larger than An (see e.g. ref ||33||), the soliton models 
provide an interesting explanation of the unexpected smallness of Sq- 



5 The Bound State Approach 

In the previous chapters several treatments of the three flavor soliton have been discussed. 
These have been based on the assumption that the time-dependent solution to the Euler La- 
grange equations is reasonably approximated by elevating the coordinates, which parametrize 
the flavor orientation, to time dependent quantities. Of course, such treatments are motivated 
by considering the flavor symmetry to be approximately realized, allowing for large amplitude 
fluctuations in the direction of symmetry breaking. Subsequently the symmetry breaking ef- 
fects are treated within the space of these collective coordinates. The exact diagonalization of 
the resulting collective Hamiltonian is possible according to the Yabu-Ando approach |62] and 
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yields the baryon masses and wave-functions. Adopting, however, the opposite point of view 
that only small amplitude fluctuations are permitted, implying that the restoring forces ex- 
erted by the symmetry breaking are sizable, leads to the treatment, which has become known 
as the bound state approach. The reason for this notion is that hyperons are constructed out 
of the soliton and a kaon mode, which is bound in the background field of the soliton. This 
treatment has been initiated by Callan and Klebanov [ 130 1 and later been employed in many 
aspects as will be pointed out in the present chapter. Actually this approach is comparable 
to the old compound hypothesis, where hyperons are considered as molecules consisting of a 
nucleon and a kaon 11159 . 



5.1 



Small Fluctuations off the Soliton and the Kaon Bound State 



The time dependent, small amplitude fluctuations are conveniently described by adopting 
the parametrization ||130| , |133| 



U(r,t) = &(r)U K (r,t%(r) , U K (r,t) = exp 



iV2 



( 







! K[r,t) 



(5.1) 







where £ w represents the hedgehog configuration (|4.19|) . The general decomposition of the kaon 
field reads 



K(r,t) 



du 
2^ 



£ e-^ GL (r,^)3Wf) 

GML 



(5.2) 



where ycML are spinor spherical harmonics. These arise by coupling the orbital angular mo- 
mentum L together with isospin t = 1/2 to the grand spin, G. Since the soliton background, ^ 
has vanishing grand spin the radial functions kch are independent of the grand spin projection 
M and channels with different grand spins, G and G' decouple. 

Although the general case ( p.2[ ) is of physical relevance (cf. section |5.2| ) the distinct channel 
L = l,G = l/2isof special interest for examining the spectrum and static properties of the 
low-lying baryons. This channel contains a bound state, evolving from the zero-mode, which, 
in the flavor symmetric case, is associated with the rotation into the strange flavor direction. 
I.e. this bound state is the "would-be" Goldstone boson of the flavor transformations. A 
suitable ansatz for this P-wave mode reads 



duj 
2^ 



K P (r,t) = I ^— e- iujt k P (r,Lu)r ■ r 



\a 2 {oj) 



(5.3) 



The spectral functions a^u) become creation and annihilation operators in the process of 
quantization. 

Expanding the Skyrme model action up to quadratic order in the fluctuating kaon field, K 
yields the Lagrangian explicitly given in eq (|D.1| ). From this Lagrangian a differential equation 
for kp(r,uj) is obtained, which can be cast in the generic form ||131|| 



1 d 



d 



[r 2 h(r)—\ +m 2 K + V P (r)-f(r)uj 2 -2X(r)uj}kp(r,uj) = . 



r 2 dr 



dr 



(5.4) 



The explicit expressions of the radial functions h,Vp,f and A are also summarized in appendix 
D. The term linear in the frequency to originates from the Wess-Zumino action ( |2.23| ) and 
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Figure 5.1: The radial dependence of the bound state wave function. The normalization is according to eq 



(5.5). The parameters in the non-strange sector are /^-=93MeV, e=4.25 and m^=l38MeV. 



removes the degeneracy between solutions of positive and negative uj. From the orthogonality 
condition associated with the above differential equation the normalization [ 131 



2 / drr kp(r,uj) (f(r)uj + A(r)) kp(r,uj) = sgn(u;) (5.5) 
is derived. The above normalized solutions to the bound state equation (|5.4|) are drawn in 



figure 5.1. In particular, it is illustrated how the bound state wave-function evolves from 



the zero mode, which is proportional to sin(F/2), when the parameters are tuned from those 



describing the flavor symmetric case to physical ones. It can also be observed from figure |0 
that the effect of fx ^ fn is mainly a change in the profile at small r. This can be traced 
back to the bound state equation ( |5.4| ) because this inequality only shows up in the Skyrme 
term, which describes the short range behavior, as can be seen from eqs ( [1J . 2^0~5|) . The 
bound state energy computed with the physical parameters {rriK = 495MeV, fx = 1.22/^) 
is up = 252MeV for the Skyrme parameter e = 4.25. Note that the asymptotic form of the 



bound state wave-function is exp(— ym K — oopr) rather than exp(— m^r) as one would expect 
for a kaon field. 

The infinitesimal symmetry transformation for the variation of strangeness! may be para- 
metrized as K(r, t) — > K(r, t) — is. It is then straightforward to obtain the strangeness charge 



from the associated Noether current ||131 
duo 



S = I 27r S ^ ' S ^ = ~ sgn ^ ( a l( UJ ) a ±( UJ ) + al(uj)a2(uj)^ , (5.6) 

where the condition ( |5.5| ) has been imposed. Obviously the aj(a;) annihilate modes of strange- 
ness —1 and +1 for positive and negative u, respectively. Furthermore the bound state con- 



a The generator for strangeness is defined to be diag(0, 0,-1). 



60 



structed above, carries strangeness S = — 1 suitable for the description of physical hyperons. 
The energy operator in a Fock space based on these operators is f(du/27r)\ujs(u)\. Hence each 
occupation of the bound state not only lowers the strangeness by one unit but also increases 
the energy by uj. The mass of the A hyperon may then be identified with the sum E + u, 
where E refers to the soliton mass ( [2.11| ). 

At present only the degeneracy of the baryons with respect to strangeness has been re- 
moved. In order to generate states corresponding to physical baryons and to obtain the mass 
differences of baryons with identical strangeness but different spin and/or isospin, collective 



coordinates are introduced into the field configuration (5J.) [ 130 

/ A(t) j 



U(r,t) 



Ur)U K (r,t)Ur 



V o 




(5.7) 



where A(t) is an SU(2) matrix. Substituting this ansatz into the action augments the collective 
Lagrangian by terms involving the time derivative A* A = (i/2)r ■ f2, cf. eq (|2.29|) 



VJ=l 



.t, 



(5.8) 



For the P-wave channel the explicit form of the spectral function c(u) is given in eq ( p.6| ). 
An infinitesimal isospin transformation of the meson configuration (|5.7| ) may be related to its 
time derivative 



:n,U 



-Di 



dU 



(5.9) 



where Dij denotes the adjoint representation of the two flavor rotation A, cf. eq ( f2.30| ). As a 
consequence the total isospin is completely carried by the collective coordinates 



-D 



dL 



n 



(5.10) 



This identity motivates the decomposition of the total spin J into soliton and bound state 
pieces, J F and J K , respectively. The former is defined as 



dL 



f2 



on 



a 



(5.11) 



By construction this piece satisfies the relation (J F ) 2 
can be cast into the form 



I 2 . The remainder of the total spin 



tK 



(5.12) 



In the Skyrme model the spectral function d(u>) turns out to be unity when the fluctuating 
fields are normalized according to eq (|5.5| ). This, however, is not necessarily the case (see 
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e.g. section |6T3|). The above described decomposition, J = J F + J , is further motivated by 



re-arranging |130|| the collective rotation ( |5.7| 



Ur,t) =A(t)Ur)Al(t) , K P (r,t) = A(t) J ^(r,«)f -r(^j) . (5.13) 

Due to the hedgehog structure a spatial rotation can be re-phrased as a right multiplication 
of A(t) and an isospin rotation of the isospinor (ai(u), 0,2(1*1)). The former leads to J F , while 
is the Noether charge associated with the latter. It is thus clear that J K formally is the 
isospin associated with the isospinor (ai(u) , a 2 (u;)) . 

In what follows, only the kaon bound state with S = — 1 is supposed to be occupied. This 
projects out 

cp = c(ojp) , dp = d(up) (5-14) 

from the spectral integrals. With this restriction to the kaon bound state, the collective 
Hamiltonian associated with Lq becomes 

H ° = ^{ jF+c ipJ T - a ) =^( jF+xJK ) 2 ' (5 - 15) 

where the parameter \ = —cp/dp has been introduced. It is then straightforward to obtain 
the baryon mass formula ||131| 



M B = E + \Su P \ + — 2 ( X J(J +!) + (!- xW + X )) ■ ( 5 - 16 ) 



It should be remarked that the contribution^, cp(cp + 1)/AS(S — 2) ||160|| , which is quartic in 



the kaon field, has been omitted because this order has not consistently been treated. 

This approach to quantize the kaon bound state may be phrased in terms of slow (i?) 
and fast (to) moving degrees of freedom. The former is of the order 1/Nc while the latter are 
O(Nq). This distinction allows one to introduce the notion of Berry phases. For the kaon 



bound state this idea has extensively been discussed in ref [|161| . 

Substituting the bound state solution of the differential equation ( |5.4| ) into ( p.6|) provides 
the mass differences displayed in table |5.1| . In these computations the physical values for the 
masses and decay constants of the pseudo-scalar mesons have been adopted, m w = 138MeV, 
itik = 495MeV, f n = 93MeV and fx = 113MeV. It was common, however, in previous 
calculations to employ parameters, which in the two flavor model reproduce the nucleon and 
A masses 



U = 64.5MeV, e = 5.45, m w = P 



U = 54.0MeV, e = 4.84, m n = 138MeV (TBIJ . (5.17) 



These parameter sets have much smaller decay constants. In the meantime it has, however, 
become clear that the absolute mass of the soliton is strongly reduced by quantum correc- 



tions |i~2l , pL3 1 . Then the absolute masses are reasonably reproduced using the physical decay 
constants. It is therefore more appealing to use the physical decay constants and rather con- 
sider mass differences than absolute masses (This point of view has also been assumed in the 
previous chapters). Then the Skyrme parameter e is the only one which is not determined in 
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Tabic 5.1: The parameters of the mass formula ( 5.16 ) and the predictions for the mass differences (in MeV) of 
the low-lying baryons with respect to the nucleon in the bound state approach. Various values of the Skyrme 
parameter e are used. The data in parenthesis include the quartic term. For completeness also the results 



corresponding to the reduced decay constants (5.17) are included with m K =435 MeV and f K =l-22f n 1 163 





e =4.00 


e =4.25 


e =4.50 


Expt. 


@ I 


162] 


^(GeV^ 1 ) 


6.013 


5.115 


4.389 




5.050 


5.133 


wp(MeV) 


265 


253 


240 




221 




209 


X 


0.261 


0.332 


0.401 




0.500 


0.394 


A 


218(207) 


205(187) 


189(168) 


177 


183(165) 


165(147) 


£ 


342(330) 


334(318) 


325(305) 


254 


283(264) 


283(265) 




530(498) 


505(462) 


479(424) 


379 


442(392) 


418(371) 


A 


249(249) 


293(293) 


342(342) 


293 


293(293) 


292(292) 


£* 


407(394) 


431(415) 


462(442) 


446 


432(413) 


398(380) 


c* 


595(563) 


602(559) 


616(562) 


591 


591(541) 


533(486) 


Q 


814(754) 


805(724) 


805(702) 


733 


774(681) 


697(610) 



the meson sector. It may, e.g. be fixed by demanding the experimental A-nucleon splitting 
leading to e = 4.25. From table |5.1| we see that the resulting bound state energy is somewhat 
larger that the empirical value co> emp = (Ms — Mjv)/2 189MeV causing the flavor symmetry 
breaking in the baryon spectrum to be overestimated. This is in particular the case for the 
| + baryons. The inclusion of the (presumably inconsistent) quartic term provides a slight im- 
provement. Except for the Q baryon, which has S = —3, this term has, however, only minor 
influence. Similarly, an empirical value for the hyperfine parameter x can be extracted from 
the mass formula (|5.16|) 3x/2(l = (M E * -M S )/(M S -M A ), i.e. x ~ 0.62, which is larger 
than the model prediction. In case the parameters ( |5.17| ) are used together with tuk = 495 
MeV and fx = 1.22f n , the agreement with the experimental mass difference is significantly 
improved. This is not surprising because the energy scale is reduced. However, there is no 
deeper reason to take the experimental ratio between the decay constant once f n is moved 
away from 93MeV. Originally, the bound state approach was assumed to underestimate the 
flavor symmetry breaking in the baryon spectrum [|131| , |164| , |165|| . A better agreement with 



experiment was claimed ||163|| to be due to the kinetic type symmetry breakers in eq (|2.19 ), 



cf. the discussion in the paragraph after eq Q2.44 ). When taking the physical values for the 



decay constants we are confronted with the situation that the bound state approach actually 
overestimates the flavor symmetry breaking in the baryon spectrum. One wonders whether 
kinematical corrections change this conclusion. As a very crude estimate one might replace the 
kaon mass by the reduced mass of the kaon-soliton system into the bound state equation ( |5.4j ). 
For e = 4.25 the bound state energy the decreases to 191MeV, which, of course, improves on 
the baryon mass differences. 

Alternative parametrizations of the fluctuating kaon fields essentially reach similar results 
for the mass differences when identical parameters are used, see e.g. ref |165| . 



The bound state approach corresponds to filling up levels of a quantum system, without 
taking into account the correlations between the fluctuating meson fields. Two heavy meson 



correlations [16C], as they could appear in the case of the S baryon, might alter the description. 



Note that fj^i j=i a J T «j a i) = — 2), when canonical commutation relations are assumed for the <ij 
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In order to make statements about baryon properties in the bound state approach, the 
appropriate wave functions have to be constructed. These baryon states are products of 
eigenstates associated with the collective coordinates and elements of the Fock space built 
from the kaon bound state. The former are SU(2) D-functions, while the latter are not only 
eigenstates of the strangeness operator (|5.6|) but also of (J K ) 2 = S(S—2)/4: and the associated 
projection jf, defined in eq ( |5.12j ). These states are coupled to good total spin, (J), isospin, 
(J) and hypercharge, Y = S + 1 

\J, J3, 1 = Jf, h~, y) = MCjj% jKjK D I I T J ^ jF {A)\S] J k = \S\/2,J") . (5.18) 

3 ' 3 '3 

The identity, I = J F results from eq Q5.10Q . Furthermore C refers to a Clebsch-Gordon 
coefficient and M is a normalization constant. An extensive list of explicit baryon wave- 
functions is provided in table 2 of ref ||133|| . Apparently the collective coordinates, A, have to 



be quantized like a fermion if the occupation number of the kaon bound state is odd and like 



a boson if it is even |130| . 



The meson configuration ( |5.7| ) is then substituted into the covariant expression for the vec- 
tor current ( [2.50| ) and the matrix elements between the baryon states ( 5.18| ) are computed. 



The magnetic moment operator is related to the spatial components of the electromagnetic 
combination ( |2.51| ), 

V = -fj <l :i r<,, r r,\J^ = /is,oJ 3 K + /is,iJ? + /(/ 3 + 3 1} (jivfi + Hv,i\S\) . (5.19) 

where the angular velocities have been eliminated according to the quantization prescription 
( p.ll| ). The isovector part arises from matrix elements of -D33 = Dq (A) in the space of the 



collective coordinates, A. The coefficients fis,v-,o,i (taken from ref | |133| |) are summarized in eq 



( p.7|) of appendix D. The expressions not involving the fluctuating kaon field (fis,v-,o) are iden- 



tical to their two flavor counterparts JT^|. Hence the effects of virtual strange quark excitations 
in the nucleon are ignored. Substituting the bound state wave-function and computing the 
matrix elements of the operators in eq ( {5.19| ) between the baryon states ( |5.18|) then provides 



the baryon magnetic moments in the bound state approach. For e = 4.25 these are listed in 
table |5T2| Although the physical value f n = 93MeV has been used, these results do not differ 
significantly from those obtained with the sets (|5.17j ) [|132| , |133|| . As in the collective approach 



(chapter ||D the absolute values of the magnetic moments come out too small. The only ex- 
ception is the transition matrix element for S° — > A. Considering the bound state results 
for the magnetic moments in the light of the U-spin relations (table |3.2|) , sizable deviations 
from these relations are observed. However, these deviations are either in the wrong direction 
(/ig+ / /i p ) or are too strong (/i 2 - / ) when compared with the experimental situation. Also 
the prediction for the ratio fJ>\/fis- ~ 1-7 is in drastic disagreement with the physical value 
(~ 0.9). Obviously ample space for improvement for predictions of magnetic moments is left 
within the bound state description of baryons. 

Generalizing the operator ( |5.19| ) to depend on the momentum transfer (analogous to eq 



( |2.59j )) allows one to compute the magnetic dipole (Ml) transitions for the electromagnetic 
decay of | + baryons to | + . Similarly the orbital angular momentum / = 2 component of the 
electric charge operator may be employed to compute the quadrupole transition (£"2). The 



calculated [167] decay widths exhibit the same pattern as in the non-relativistic quark model 



168|| and the bag model [|169|| ; i.e. the transitions E*° — > A7, S*° — > H°7 and E* + — > £+7 



have large widths (100-200keV), while all others are about an order of magnitude smaller. In 
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Table 5.2: The magnetic moments in the bound state (BS) approach to the Skyrme model. Results are given 
in nucleon magnetons as well as ratios of the proton magnetic moment. 





BS 


Expt. 


UcLi VUii 










V 


1 78 


1 00 

J- .\J\J 


9 7Q 


1 00 


n 


-1.42 


-0.80 


-1.91 


-0.68 


A 


-0.56 


-0.31 


-0.61 


-0.22 


£+ 


1.97 


1.10 


2.42 


0.87 


S° 


0.43 


0.24 






E- 


-1.07 


-0.60 


-1.16 


-0.42 




-1.31 


-0.74 


-1.25 


-0.45 




-0.33 


-0.18 


-0.69 


-0.25 


S ^ A 


-1.54 


-0.86 


-1.61 


-0.58 



particular the width of the reaction £*~ — > E~7 is predicted to be almost zero. All ratios 
E2/M1 for the transition matrix elements are predicted to be negative. As a consequence of 
delicate cancellations these ratios are largest for £*~ — > £^7 and S*° — > H°7 (about -0.5 and 
-0.2, respectively) [p.67 ]. For the other transitions the ratios are again down by an order of 



magnitude. The E2 contribution to the reaction E*° — > £°7 even vanshes identically. 

For all decay widths and most of the £'2/Ml-ratios similar results are obtained in the 
collective model [ |170|| . For the reactions £*~ — > S~7 and H*° — > H°7 the collective approach 
predicts much smaller (~ —0.05) .E2/Ml-ratios. In any event, the widths of these decays are 
very tiny. Hence the corresponding i?2/Ml-ratios are subject to delicate cancellations. In the 
collective approach the symmetry breaking parameter can continuously be varied. This feature 
has been employed to verify the £7-spin selection rule within the Skyrme model ||170|| . This 
rule states that the transition matrix elements associated with the decays of the negatively 
charged | + baryons vanish in the flavor symmetric case ||171| . 



It has been indicated above that in the bound state approach the nucleon wave-function 
is identical to the one of the two flavor model. Hence one expects the strangeness content 
fraction X s ( [2.81| ) to vanish. However, this is not the case. The non-trivial strangeness in the 
nucleon is caused by the fact that the Fock space built from the solutions to the bound state 
equation ( |5.4| ) is different from the one based on free kaon modes, i.e. in the absence of the 
soliton [ |172|| . In particular, the nucleon state is annihilated by the operator a(uu) of the Fock 

space in the presence of the soliton. The creation and annihilation operators a<t) (a;) in the 
Fock space of free kaons are related to those (|5.3| ) for the bound state problem 




2tt {A+Juj,^') A—(l},u' 




(5.20) 

where the transformation matrix A is computed from the overlaps between the solutions of the 



bound state equation ( |5.4|) and free kaon modes in a spherical wave decomposition ||172| , p. 73 
As a consequence of the mixing between the operators in the two distinct Fock spaces the 
nucleon state is not annihilated by a(uj). The calculations based on the transformation (|5.20| ) 
are essentially equivalent to a treatment within the random phase approximation (RPA ||1 74|| ) , 
introducing correlations between the different vacua. Hence the nucleon matrix element of the 
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"free" strangeness charge 



Sfree = - / ^sgn(u) (u)a(uj) (5.21) 

is different from zero. This causes a non-vanishing strangeness content fraction X 8 , which 
can be computed from the momentum space integrals of the off-diagonal elements of A. 
This yields X s pa 3% ||172| , [L73|| , which is significantly lower than the corresponding result in 
the collective approach, cf. section [2.4| . It should, however, be noted that in general these 
RPA-type integrals diverge; X s represents one of the few exceptions. Thus, in principle, a 
regularization scheme would be required, which might also alter the prediction for X s . 

We would like to finish this section by remarking that in addition to the P-wave bound 
state discussed above, the equation ( |5.4j ) contains a solution of orbital angular momentum 
1 = 

K s (r, t )=j^e^ ksM (5.22) 



with | a; | < m K ||131|| . The appearance of the bound state is completely due to dynamics 
exposed by the background soliton. This is in contrast to the P-wave bound state, which 
arises from the existence of a zero-mode in the flavor symmetric case. The S-wave bound 
state is well suited to describe the odd parity A(1405). For the ansatz (|5.22p a right transfor- 
mation of the collective coordinates A (which represents the spatial rotation of the soliton) 
can also be rephrased as an isospin transformation of the isospinor (ai(w), a 2 (o;)). Hence the 
quantization is identical to the one for the P-wave. For the parameters established above 
(/tt — 93MeV, e = 4.25, etc.) the mass difference of the odd parity A to the nucleon is pre- 
dicted to be 450MeV, about 40MeV over the experimental value. Not surprisingly a deficit 
compared to the experimental mass difference of about lOOMeV is obtained when the smaller 
energy scale ( |5.17| ) is used. In ref ||175|| the magnetic moment of this hyperon has been calcu- 



lated to be about 10% of the magnetic moment of the proton. 



5.2 Remarks on Meson Baryon Scattering 



Shortly after the rediscovery of the Skyrme model by Adkins, Nappi and Witten [ID the 
model was employed to compute the amplitudes of meson baryon scattering. For an extensive 
list of references the reader is referred to the review article ||. Similar to the bound state 
approach (section |5.1|) such calculations involve time-dependent meson fluctuations T] a (r,t) 
off the soliton. A possible parametrization in the flavor rotating frame is given by 

U(r,t) = e ^ a Va(,r,t) Uo ^ e i\" Va (.r,t) ^ ( 5>23 ) 

where the static configuration Uo(r) is defined in eq Q2.25Q . In the next step the action is 
expanded up to quadratic order in 7] a in the background of the static soliton. From the 
solutions to the corresponding equations of motions the T-matrix elements, t^ vx for meson- 
soliton scattering may be extracted ||176| , |177|| . The T-matrix is diagonal in the intrinsic 



isospin (/), hypercharge (Y) and grand spin (K) (the latter represents the vector sum of total 
spin and isospin). Furthermore I and I' denote the orbital angular momentum of the in- and 
outgoing meson, respectively. For example, ^ represents the T-matrix in the bound state 
channel discussed in section |Q|. Assuming adiabaticity of the collective rotation and ignoring 
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symmetry breaking effects, the T-matrix for physical channels may be obtained within the 
geometrical coupling scheme ||178| , [177] 



phys 



("1) £ 



, dimRdimR' 
dimR tot 



EEE(2* + i)(2^ + i) 

IY i K 




J 
I 



Rtot i 


R' 8 




' R 


8 


Rtot 


7 


% Y + 1 


s'l IY 




si 


IY 


% 


Y + 1Y 



T, 



.IY 



KV 



(5.24) 



The objects in curly and squared brackets are 6-j symbols and SU(3) isoscalar factors |61 
respectively. Furthermore s and R refer to spin and 577(3) representations e.g. s = ~ and 
R = 8 for the nucleon. The index tot finally denotes the total SU (3) representation of the 
meson baryon system. For further details we refer to the original article by Karliner and Mattis 
177]. It should be stressed that this coupling scheme is purely geometrical, and dynamic 



contributions from the collective rotations have completely been ignored. The so-obtained 
physical T-matrix allows to reasonably describe a huge number of scattering processes from 
ttN — > tcN to KN — > 7rS*. The authors of ref [|177|| characterize the agreement with experiment 
to be good in the case that the initial states are nN, mixed for KN but poor for KN. 

Although appealing, this approach suffers from the shortcoming that flavor symmetry 
breaking effects are not accounted for. Dominantly this concerns the thresholds, which should 
account for different baryon masses. Furthermore the baryon wave-functions have been as- 
sumed to be members of a certain SU(3) representation R, which is also reflected in the 
appearance of the isoscalar factors in eq (|5.24j) . These problems have recently been studied 
179|| by parametrizing the time-dependent chiral field 



U(r,t)=A(t) (U (r)^A^(t) exp (i\ a <f> a (r, *)) A(t) (U (r)) l > A^t) . 



(5.25) 



Obviously the cj) a are the meson fluctuations in the laboratory frame i.e. they are defined in 
the background of the collectively rotating hedgehog. Separating the radial dependence of the 
meson fluctuations allows one to define target wave-functions 



I taVa] 



SS3,«3,YA ' 



E 

/ , m 



ta 



T a ,m a tM, 



(5.26) 



where a Fourier transformation with respect to the time coordinate has been performed. Fur- 
thermore, ^ represents the solution to the Yabu-Ando eigenvalue problem ( A. 8 ). By varying 
the strength of the symmetry breaking parameters, it is possible to interpolate between the 
flavor symmetric approach described above and the two flavor computations for ttN scattering 
[ [L78| |. Furthermore the adiabatic approximation has been abandoned, i.e. time derivatives 
of the collective coordinates are (at least approximately) included, in this approach. This 
dominantly effects the P-wave channels. Finally the scattering amplitudes are extracted from 
the solutions of the differential equations for the radial fields 0t^ a (^)- It should be stressed 
that these calculations are rather tedious, in particular because the differential equations also 
contain the flavor orientation, A, of the hedgehog. As can been seen from the Argand diagrams 



displayed in ref ||179|| the agreement with experimental data is impressive for the long wave- 
length behavior of the scattering amplitudes, in particular for the number and approximate 
positions of the main decay channels of baryon resonances. Hence this extensive study of me- 
son baryon scattering represents another interesting application of the collective treatment of 
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Table 5.3: Comparison of the collective and the bound state approaches to strangeness. 



Collective approach (YA) 


Bound state approach (CK) 


Symmetry breaking small 
(light strange quark) 

i 

Strange components as 
collective coordinates 

(analogous to zero modes) 
I 

Collective Hamiltonian 
in flavor SU(3) including 
symmetry breaking 

i 

Exact diagonalization 

i 

HYPERONS 


Symmetry breaking large 
(heavy strange quark) 
i 

Restoring force for 
strange fluctuations 

( "harmonic" potential) 
I 

Bound State Energy and 
Wave Function 

i 

Collective quantization of 
spin and isospin 

i 

HYPERONS 



symmetry breaking. As a side product also the bound state equation of Callan and Klebanov 
is obtained. 

An examination of scattering processes in the bound state approach appears to be techni- 
cally unfeasible. Considering for example for the description of a reaction like KN — > 7rS, the 
action has to be expanded up to third order in the meson fluctuations because the scattering 
meson fields (K, ir) as well as the hyperon (£) are constructed as small amplitude fluctuations 
in the background of the soliton. 



5.3 Comparison: Collective Approach versus Bound State Approach 

In this section the interesting question will be addressed as to how far the collective and 
bound state approaches to flavor symmetry breaking can be related. In the case of the collective 
treatment this discussion will be restricted to the rigid rotator. To further simplify this 
comparison, the symmetry breaking operator proportional to 7 will be assumed to be the only 
one contained in the collective Hamiltonian (|2.36|) . Although the conceptual ideas of these 
approaches have already been discussed earlier they are compactly summarized and compared 



in table 5.3 



The numerical results for the strangeness content fraction, X s , discussed in the previous 
section as well as those obtained in the context of the rigid rotator suggest that the two 
approaches have a common limit for large symmetry breaking. For this purpose, Yabu and 
Ando have expanded the eigenvalue problem (see appendix A for the relevant definitions) 

{C 2 (SU(3)) + cAhrV} V{A) = e SB V(A) , u? = ^ 7 /3 2 (5.27) 

in inverse powers of the effective symmetry breaking parameter, i.e., 1/u — > 0. According to 
the discussion of chapter |^, the isoscalar functions fM L ,M R (v) contained in the collective space 
wave-function ^(A) (|A.8|) are strongly pronounced at v = in the limit of large symmetry 
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breaking. The trigonometrical functions appearing in the differential equation (|5.27| , |A.9|) may 
thus be linearized in the limit 1/u — ► 0. Introducing the scaled "Euler angle" 



v 



(5.28) 



then makes possible the above mentioned expansion [521 in 1/u 



4e<K r d( 5 U 2 
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/at, ,M' ) 



(5.29) 



In this expression the projection of the quadratic Casimir operator onto different components 



(M L , Mr) of the intrinsic isospin and spin has been indicated. The only operator in eq ( |5.29|) , 
which is non-diagonal in these indices, is the "intrinsic grand spin" T = J — I, where J and J 
are the intrinsic spin and isospin operators which act on the indices Ml and Mr respectively. 
Hence the combinations 



F(L,M)(u) = £ C? m Ml>jm J Ml , Mr (v) 



(5.30) 



Mr,, M B 



diagonalize T . The eigenvalues are L(L + 1) with |p2] 



max 



\I-J\, \S\/2) <L<I + J 



(5.31) 



where the LHS is due to the constraint S = Y — Yr — 2(Ml — Mr). For the baryons we are 
interested in (N, A, . . . , fl), the value L = |5|/2 is always permitted. Obviously, the "intrinsic 
grand spin" plays the role of the kaon spin operator J K in the bound state approach. This can 
also be argued from the decomposition ( 5.13 ) because in the intrinsic frame (A = 1) the grand 
spin of ^ vanishes, while the grand spin of K is nothing but the isospin of the kaon. In leading 
order of the 1/u expansion, the eigenvalue problem for F(L, M){y) can be formulated as that 
of a four dimensional harmonic oscillator. Hence the eigenvalues may readily be evaluated. 
The state of lowest energy corresponds to the case when the wave-function F(L, M)(v) does 
not possess a node. The associated contribution to the mass formula ( 2.41|) is |6j 



2(3- 



r^sB 



u 



2(3 2 



35-2151 



+ o 



(5.32) 



where a constant contribution has been ignored because we are only interested in mass dif- 
ferences. Comparison with the mass formula of the bound state approach (|5.16|) suggests the 
identifications 



Up 




337MeV 



X 



a 

W 2 



0.33 . 



(5.33) 



These data are obtained from eq (12.48 ), which have been computed for e = 4.0. Although the 
analytical identifications (|5.33| ) have been obtained in the large symmetry breaking limit, the 
numerical values reasonably agree with the exact results in the bound state approach even 
for the physical case (see table |5.1|) . It should be remarked that the inclusion of induced 
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components ( 2.45|) is important to arrive at this result. Otherwise it can generally shown that 



2(3 2 < a 2 p2] causing the estimate for \ to be negative. 



Another way to establish the correspondence between the two approaches in the large 
symmetry breaking limit, is to expand ||160| , pL 8Q|| the Lagrangian ( |2.32| ) in powers of the 
strange components contained in the three flavor collective matrix A(t) (|2.25| ). This procedure 
provides approximations for the parameters in the mass formula (|5.16|) . Unfortunately, this 
approximation overestimates the bound state energy up, while the hyperfine parameter x 
comes out too small. 

In the flavor symmetric case one has up = and x = 1 due to the appearance of the 
zero mode. Hence the bound state mass formula reproduces the degeneracy of the baryons 
within a given SU(3) multiplet. One may therefore ask the question whether or not the two 
approaches can be related in the small symmetry breaking limit as well. However, it can easily 
be shown that this is not the case. In the first non-trivial order of flavor symmetry breaking 
the Gell-Mann-Okubo mass formula fl2.38|) is not recovered in the bound state approach. 
That is, 



2 (Mjv + M H ) - M s - 3M A 



2a 2 



i -x+jx(x - 1 



(5.34) 



which is of the order of 50MeV. The second term is due to the quartic term which has been 
omitted in eq ( |5.16| ). Hence the equivalence between the bound state and collective approaches 
can only be established in the large symmetry breaking limit. This statement is further 
supported by comparing the recent computations of the electric quadrupole moments of the 
| baryons. In the bound state approach all these moments are found to be proportional to 
the baryon isospin ||181|| . In the collective approach this proportionality only appears in the 
large symmetry breaking limit, while for small breaking the quadrupole moments happen to 
be linked to the baryon charge |121| , see also section |3.1| . In any event, comparing the results 
displayed in tables |2j] and [5j] unambiguously shows that the collective approach provides 



better agreement with the experimental mass differences than the bound state approach when 
the parameters of the Skyrme model are determined from meson data. 



5.4 Baryons with a Heavy Quark 

In this section a brief remark on an additional application of the bound state approach 
will be given. This application concerns the description of baryons containing one (very) 
heavy quark like charm or bottom. For a more detailed survey article the reader may consult 
ref [ p.82|| . Although these investigations are outside the three flavor regime they are worth 
mentioning here because they are based on the bound state approach described in section I57T 



The heavy baryons are constructed from a D or B meson bound in the background field 
of the soliton. The straightforward generalization of this treatment consists of substituting 
the masses and decay constants of such heavy mesons into the bound state equation ( |5.4|) 
183 1 . However, this treatment does not incorporate the heavy quark symmetry [ |184j , |185 



which (among other features) states that pseudo-scalar and vector mesons containing one 
heavy quark are degenerate. Hence an effective meson Lagrangian suitable for the soliton 
picture of heavy baryons should contain heavy vector meson fields {Q^) in addition to the 
heavy pseudo-scalar fields (P). The interaction among the light degrees of freedom should 
be described in accordance to chiral symmetry. Since the heavy mesons are composed of a 
heavy quark (c, b) and a light (anti)quark (up, down or strange) this concept describes the 
interaction of the heavy and light mesons. The latter fields support the soliton. 
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When constructing the part of the action, which describes the interaction of the heavy and 
light mesons, one minimally extents the chirally and heavy quark symmetric action to finite 



masses, M, of the heavy meson [ 186 



D,P (P/'P) 1 " - l -Q^ v (Qn ] ~ M 2 PP^ + M* 2 Q^t 



+2iMd (PppQrt - Q^P^j - te 



aftfiu 



2V2icM 



2Q,F^ (p) Q[ + ^e a ^ 



t t 

QvaP/iQp + Qf3Pfi (Q va ) 



DpPF^ (p) Ql + Q a F^ (p) (DpP) 



(5.35) 



Here the mass M of the heavy pseudo-scalar meson P is allowed to differ from the mass M* 
of the heavy vector meson, Q^. Note that the heavy mesons are conventionally defined as row 
vectors in isospace. When light vector mesons are included, the covariant derivative introduces 
the additional parameter a: 



D,P^ 



d, - iag Pli + fatf + $ta M e) } P 1 " 



The covariant field tensor of the heavy vector meson is defined as 



(Q 



flU J 



t 



(5.36) 



(5.37) 



The parameters d, c and a have still not been very accurately determined. Commonly d ~ 0.53 
and c ~ 1.60 are used [ 186|| . The assumption of vector meson dominance for the electromag- 
netic form factors of the heavy mesons suggests a ~ 1 [ |187j [ , although other values are allowed 
as well. 

Suitable ansdtze for the P-wave heavy mesons are 



47T 
1 



qI 



iwt 



i*i(r)f< + -^2{r)e ijk r j r k 



■iwt 



(5.38) 



which actually are motivated by the form of the induced fields for the collective rotation into 
the strange flavor direction (|4.22|) . The isospinor \ contains spectral functions as in eq ( |5.3|) . 
The bound state solutions for the heavy mesons have been constructed for the cases that the 

|189|| as well as 



light soliton only contains the pseudo-scalar fields (i.e. the Skyrmion) [[R 
the inclusion of the light vector mesons in the soliton configuration as in eq ( |4.19 ) [I85|. A 
consistent description of both the light and heavy baryon masses can only be obtained when 
the light vector mesons were included. This improvement is due to the additional freedom 
in choosing the parameter a. For a ~ the binding energy = 780MeV of the heavy 
baryon A& is reproduced for the experimental masses M = 5.28GeV, M* = 5.33GeV. Using 
M = 1.87GeV, M* = 2.01GeV in the charm sector then predicts e c = 536MeV for the binding 
of A c , which reasonably agrees with the experimental value of 630MeV. The associated heavy 



meson wave-functions are displayed in figure 

Here just a brief introduction has been provided to the description of heavy quark baryons 
as composite systems of solitons and heavy mesons in order to demonstrate that the bound 
state approach can suitably be extented. Many aspects of this approach have not been ad- 
dressed here. In particular the issue of kinematical corrections has been ignored |190|. These 



corrections are supposedly sizable as a consequence of the large meson masses involved. 
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Figure 5.2: The radial dependence of the heavy meson bound state wave functions in both the bottom (left) 



and charm (right) sectors. Here m v is the light vector meson mass (4.15). This figure is taken from ref ]18 
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Explicit Quark Degrees of Freedom: The NJL Model 



The meson [ 191 , 192] as well as the soliton ||193|| sectors of the Nambu-Jona-Lasinio [17 
(NJL) model have already been reviewed elsewhere. It is therefore beyond the scope of the 
present article to describe the this model in detail. Nevertheless a short discussion on the 
generals aspects of the model is in order to put the NJL model in perspective. The main 
interest in the NJL model is due to the fact that it constitutes a simple, chirally symmetric 
theory of the quark flavor dynamics while the flavor symmetry breaking is completely located 
in the current quark mass terms. This feature is analogous to QCD. Otherwise the NJL model 
is much simpler in structure making possible the derivation of the effective meson theory, which 
is equivalent to the NJL Lagrangian. The derivation of this meson theory is commonly referred 
to as bosonization. The main issue of the present chapter will be to demonstrate that the 
previously discussed aspects of soliton models for three flavors can be obtained not only in 
purely mesonic models, but also from such a microscopic theory of the quark flavor dynamics. 
For the sake of argument the NJL model will be employed although similar studies have been 



performed in bag models 194 . 



6.1 



The NJL Soliton 



In the NJL model the free Dirac Lagrangian is supplemented by a chirally symmetric four 



quark contact interaction [17 



(6-1) 



a=0 
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Here q denotes the quark field, which represents a vector in flavor space 



(6.2) 



with each entry being a Dirac spinor. In the following isospin symmetry is assumed, 



i.e. 



the 



current quark mass matrix is taken to be m° = diag(m 



(!' ^21 ■ ■ ■ ' t) are identical to those employed in the preceding chapters. The dimensionful 
coupling constant, Gnjl will shortly be determined from meson properties. Except for the 
quark mass term this Lagrangian is invariant under the chiral transformation 



°, m°, m° s ) 



The flavor matrices Q a 



q L -> Lq L , q R -> Rq 



R 



Qr,l 



2(^75)9 



(6.3) 



which has already been considered earlier (|2.18| ). 

Using functional integral bosonization techniques the quark fields can be integrated out 
from the model Lagrangian (|6.1| ) in favor of composite meson fields [0, HJ. The resulting 



effective action is the sum, A 



NJL 



Af + Am, of a fermion determinant 



A F = Tr log(^) = Tr log A - i [(1 + 75) M + (1 - 7s ) Aft)] J 
and a purely mesonic part 

A„, = I d 4 x l--^—ti (m^M - m°(M + Aft) + (m ) 2 )) . 



(6.4) 



(6.5) 



The complex matrix Af = S + iP parametrizes the scalar and pseudo-scalar meson fields. 
From eq (|6.4|) it can be deduced that the meson fields behave like 



Af -> LMpJ 



(6.6) 



under the chiral transformation ( |6.3| ). Employing the polar decomposition, Af = U<&, the 
transformation property ( j2.2| ) of the chiral field becomes apparent. As the quark coupling 
constant is dimensionful, the functional trace ( |6.4[ ) is not renormalizable and requires regu- 
larization. This is indicated by the cut-off A, which apparently acquires a physical meaning. 
As in the original study |195| of the NJL soliton, this cut-off will be introduced via the 0(4) 
invariant proper time regularization ||196|| , which is applied to the fermion determinant in 
Euclidean space. After Wick-rotating (t = —2x4 = —it) to Euclidean space, the fermion 
determinant in general is a complex quantity, Af = Ar + Af The proper time regularization 
scheme consists of replacing the real part, Ar by a parameter integral with the short distance 
contribution cut off 



1 / + \ 1 r°° ds 



Although the imaginary part 



Aj =^Tr log [{pl^pE 



SplpE 



(6.7) 



(6i 
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is finite it will be regularized^ as well. 

Although the starting point ( |6.1| ) has been a quark theory, the bosonization procedure has 
led to an action (Ar + Ai), which essentially is a functional of the meson configuration M. 
Expanding this action in derivatives of M yields Lagrangians which are similar to one of the 



Skyrme model However, models obtained in this fashion may not necessarily support 

soliton solutions. Therefore the complete fermion determinant will be retained and exactly be 
computed for a given configuration M. In doing so, it will be recognized that the notion of 
quarks cannot be abandoned completely. 

In order to determine the parameters of the model, the real part Ar is expanded up to 
quadratic order in the meson fields and subsequently continued back to Minkowski space. In 
this context a convenient parametrization for the scalar and pseudo-scalar fields is [ |199|1 

M = tefVZfZo. (6.9) 

The matrix X is Hermitian whereas the matrices £o and are unitary. The space-time de- 
pendent pseudo-scalar meson fluctuations rj a (x) are contained in £/(a;) = exp(i J2a=o Va(x)Q a ), 
while the quantity £o has been introduced to simplify the inclusion of the soliton. In the baryon 
number zero sector £o is replaced by the unit matrix. Varying the action with respect to X 
yields the Schwinger-Dyson or gap equation, which determines the vacuum expectation value 
(E) = diag(m, m,m s ) 



= m ° + m 3^-J^T -M-r 1 ) 2 )=m°-2G NJL (qq) l . (6.10) 



2vr 2 V 1 A 

Here rrii = m, m s denote the constituent masses of non-strange and strange quarks, respec- 
tively. The appearance of a non- vanishing quark condensate (qq)i is the outstanding feature 
of the spontaneous breaking of chiral symmetry |[200fl . Henceforth the scalar fields will be 
approximated by their vacuum expectation values, X = (X). By expanding the action in 
the pseudo-scalar fields rj a their inverse propagator can be extracted |63|, [201|| . The on-shell 



condition requires this meson propagator to possess a pole at the physical meson masses, 

(mQ + m^K + mj) 

+ lUjim ph ) = . (6.11) 

2G N JL 

Here the polarization operator 



H..(g 2 ) = -2q 2 f 2 (q 2 ) + 2(m, - mtf f^tf) - Urn] - m)){^ - ^i) (6.12) 
is given in terms of the quark condensates, {qq)i and the off-shell meson decay constants 

fiM 2 ) = ^{m + mj) 2 ^ dxT(0,[{l-x)m 2 i +xm 2 j -x{l-x)q 2 }/A 2 ). (6.13) 



The Feynman parameter integral reflects the quark loop contained in the bosonized form 
of the NJL model action. From eq ( |6.13j ) the on-shell meson decay constants can be read off 



fl = m 2 —£-J^ d x r(0, [m 2 - x(l - x)m 2 ]/A 2 ) (6.14) 
f K = ^(m + m s ) 2 ^ £ dxT(0,[xm 2 + (1- x)m 2 s - x(l- x)m 2 K ]/A 2 y (6.15) 



"Regularization of the imaginary part is supposed to incorrectly reproduce the anomalous decay ir° — > 77 



contributions to the AB J triangle anomaly 1 53 when the cut-off is finite 



[ 197 j . More recently it has been speculated [ 1 98 1 that this short-coming may be cured by higher order 
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Table 6.1: The up and strange constituent and current masses, the cutoff as well the pion and kaon decay 
constants in the NJL model. These results are taken from 203 . 



m flYTeV"! 

lib 1 XVJ.C V I 


m (y\cV\ 


™0 / ™0 
" b sl " b u 


A (MeV) 


f fMeVl 
J 7r V lvlt ' v ; 


fv fMeVl 
J K l ivle v ; 


350 


577 


23.5 


641 


93.0 


104.4 


400 


613 


22.8 


631 


93.0 


100.3 


450 


650 


22.4 


633 


93.0 


97.4 


500 


687 


22.3 


642 


93.0 


95.5 


350 


575 


24.3 


698 


99.3 


113.0 


400 


610 


23.9 


707 


103.0 


113.0 


450 


647 


23.6 


719 


105.7 


113.0 


500 


685 


23.4 


734 


107.9 


113.0 



Substituting in eq (|6.12| ) the coupling constant, Gnjl by the quark condensate (qq) via the 
gap-equation ( |6.10| ), immediately leads to the Gell-Mann-Oakes-Renner (GMOR) relations, 
f^ml = m°(uu + dd), and similarly for fx ||202|| . 

The above eqs (|6.10|) -( |6.15|) relate the parameters of the NJL model, Gnjl, A m° and m° s) 



to the physical masses and decay constants. Using = 135MeV, mx = 495MeV and fixing 
the pion decay constant f n = 93MeV yields too small a value for the kaon decay constant^, 
see table |b.l|. On the other hand, requiring fx = 113MeV gives too large a value for In 



view of the discussion after eq ( |2.44p the too small prediction for the ratio fx/ fn gives rise to 



the suspicion that the NJL model will underestimate the baryon mass differences. 

For the discussion of static soliton configurations it is appropriate to introduce the Dirac 
Hamiltonian h 

iPp E = -d T -h, (6.16) 

which is time independent, i.e. [d T , h] = 0. Furthermore it will be assumed that h is Hermi- 
tian. Denoting the eigenvalues of h by e u , the action Af (|6.4| ) is found [|204j , [205| , [206|| to be 
decomposable into a vacuum part 

A = ]:Tj2m (6.17) 

Z V 

and valence (anti-) quark parts 

A M = _ T J2M = -TEp» } . (6.18) 

Here T denotes the Euclidean time interval under consideration. The total action involves 
all possible sets of occupation numbers, r] u = 0,1, i.e. Af = Aq + logX^} -Ay ■ These 
occupation numbers furthermore specify the baryon number 

B = Y,(vu-\)sgn(e u ). (6.19) 

The soliton configuration uniquely determines the eigenvalues e v . Hence these occupation 
numbers functionally depend on the field configuration as well once the baryon number is 



^Determining f n or fx fixes the ratio A/m. This leaves one adjustable parameter, which for convenience 
is chosen to be the up constituent mass, m. 



75 



fixed. The vacuum contribution, Aq is obviously divergent. The standard recipe to extract 
the vacuum part from the regularized determinant! (|6.7| ) is to consider the limit T — > oo. In 
that limit the eigenvalues of the differential operator d T lie densely and the sum over these 
eigenvalues is replaced by an integral 



^-IVS-lJyJiM-^^} ■ <«*» 



This expression allows one to read off the vacuum part of the energy, Eq, in the proper time 
regularization scheme because Aq — > —TEq when T — > oo. 

As in the purely mesonic models, the soliton configuration in the baryon number one sector 
is assumed to be of hedgehog structure 

£ (r) = exp{VfF(r)} , (6.21) 

(for the moment, the time dependent fluctuations are ignored (£/ = 1)). Then the Dirac 
Hamiltonian becomes 

m exp (r/5T ■ rF{r)) 

h = a p+\ | . (6.22) 

| m s 

As in the meson models the static soliton configuration does not effect the strange degrees 
of freedom. In order to compute Ey"^ the occupation numbers have to be determined from 
eq ( |6.19|) for a given profile function F(r). In the case of B = 1 the vacuum contribution 
— (1/2) sgn(e 1/ ), is either zero or one. Hence at most one of the r\ v can be different from 
zero. Minimization of the total energy enforces this to be the one with the lowest absolute 
value of the energy eigenvalue, \e v \. This level is referred to as the valence quark state. The 
only non-vanishing occupation therefore is r/ va i = [1 + sgn(e va i)]. The total energy functional 
is finally given by 

E tot [F] = E [F] -E [F = 0} + ^r/ va ie val + E m , (6.23) 
Eo[F] = r ' ^i=£exp(- S e2) , E m = mlffd 3 r(l-cosF(r)), (6.24) 

where the dependence on the number of colors has been made explicit and a constant con- 
tribution, which is associated with the energy of the trivial meson configuration, has been 
subtracted. The mesonic part of the energy, E m originates from A m fl6.5|) after substituting 
Gnjl = m ° m / m nf% EH) see a l so ec L s (|6-12|) and (]6.11|) . 



Soliton configurations, which minimize the functional -Ef-F 1 ], indeed exist for m > 350MeV 
195|| . These solitons are constructed by iteration, i.e. the Hamiltonian h fl6.22|) is diagonal- 



ized for a test profile F(r). The resulting eigenvalues and eigenvectors are substituted into 
the equation of motion 5E/5F(r) = to update the profile function. This procedure is re- 
peated until convergence is achievedB. This procedure, of course, provides the eigenvalues and 
eigenstates of the Dirac Hamiltonian, e u and |z/), respectively. The resulting profile function, 



c The imaginary part vanishes as long as h is Hermitian and time independent. 



d See ref 207 for a detailed prescription of the numerical treatment. A parametrical solution to the mini- 



mization problem was considered in ref [208 
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Table 6.2: The soliton energy E to t and its various contributions according to the sum (p. 23 ) as functions of 
the constituent quark mass m. All numbers are in MeV. 



m 


350 


400 


500 


600 


700 


800 


Etot 


1236 


1239 


1221 


1193 


1161 


1130 


Ey 


745 


633 


460 


293 


121 


-55 


Eq 


459 


571 


728 


869 


1012 


1103 


E m 


31 


34 


33 


31 


28 


26 



F(r) is similar to the one displayed in figure |2.1| , however, for B = 1 the equation of motion 
only allows a solution with the reversed sign, F(0) = —it. This is in contrast to the purely 
mesonic models discussed in the previous chapters. The reason being that the quarks fields 
are maintained. This fixes the sign of the (anomalous) baryon current unambiguously whereas 
the sign of the Wess-Zumino ( |2.23 ) term could not be determined from meson properties. 
For the self-consistent soliton of the NJL model the various contributions to the energy are 
displayed in table |6.2| . By expanding the action in arbitrary fluctuations off the hedgehog 
configuration it can furthermore be shown, that the term linear in these fluctuations vanishes 
when 5E/5F(r) = is satisfied | |199| |. Hence the hedgehog configuration represents a true 



solution to the full Euler-Lagrange equations. Obviously the total energy is quite insensitive 
to variations of the constituent quark mass. 

A major difference between the soliton in the NJL model and the soliton solutions consid- 
ered in the previous chapters is the non-topological character of the NJL model soliton. As a 
consequence, this soliton does not necessarily represent the global minimum in the B = 1 sec- 
tor. Indeed, the soliton energy is larger than the three quark threshold as long as m<420MeV 
and a continuous deformation can be constructed of the soliton to the configuration of three 
non-interacting quarks. Furthermore, the valence quark energy stays positive for a large range 
in the parameter space implying that the baryon number is carried by the explicit occupation 
of this orbit, i.e. r] va \ = 1. This illustrates the above mentioned feature that the notion of 
quarks cannot be abandoned completely despite the model being a functional of meson fields. 
At this point it should be mentioned that this situation changes drastically when (axial)vector 
meson fields are added to the NJL model Lagrangian. For the corresponding self-consistent 
soliton the valence quark is strongly bound and the baryon number is actually carried by the 
polarized vacuum, i.e. i] v£l \ = |[209| , |210|| . This feature has been taken as a strong support 



for Witten's conjecture ]5(| that in effective meson theories the baryon number current is 
identical to the topological current, B^, defined in eq ( |2.9| ). The argument goes as follows 
The leading term in the gradient expansion of the baryon number current in the NJL 



model is indeed the topological current pi If. However, the gradient expansion exclusively 



takes into account the vacuum part of the action, while explicitly occupied levels are ignored. 
Hence for these currents to be equivalent, the baryon number must be carried by the vacuum. 
This, apparently, is the case for the self-consistent soliton in the NJL model with (axial)vector 
meson fields. These results of the (axial)vector meson NJL model may furthermore be inter- 
preted as an indication that explicit valence quark and (axial)vector meson fields should not 
simultaneously be contained in a model. This conclusion that keeping both may cause double 
counting effects has also been reached from phenomenological studies on baryon properties in 
soliton models [46, 2^ 
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6.2 



The Collective Approach to the NJL Model 



In this section the parameters in the collective Hamiltonian ( |2.36| ) will be derived within 
the context of the pseudo-scalar NJL model, which is defined in eq ( |6.1| ). For this purpose 
the flavor rotating field configuration is parametrized as 



M(r,t) = A(t)Mr)At(t)(Z)A(t)S (r)At(t) A(t) G SU(3) 



(6.25) 



which represents the NJL model equivalent to eq fl2.28|) . Obviously, only the pseudo-scalar 
fields rotate in flavor space while the scalar fields are kept at their vacuum expectation values. 
In order to evaluate the fermion determinant (|6.4j) for this field configuration, it is appropriate 
to transform the quark fields to the flavor rotating frame ||206| : q = Rq'. This transformation 
eliminates the "outer" rotations in ( 6.25|) at the expense of an induced rotational part 



hrot ^ ] Q j 



(6.26) 



a=l 



with the angular velocities defined as in eq (|2.29|) . In the rotating frame the Dirac operator 
reads 



i/3p' = id t — h — h rot — h 



SB 



(6.27) 



where h is the static one-particle Hamiltonian (|6.22|) . The symmetry breaking part of the 



Dirac operator is compactly displayed by introducing T = (£q + £o)/2 + 7s(£o — £o)/2 

h 3B = r/3^t(s)A-(E))rt 

= 2(m ~ mg) T/? ( £ D»C? + £ D 8a Q« + (D 88 - 1)Q 8 ) Tt. (6.28) 

V<J \i=l a=4 / 



The SU(3) D-functions are those of eq Q2.30| ), the argument being the collective rotation 
A. The SU(2) invariant pieces have also been indicated. The computation proceeds by 
expanding the regularized action in powers of h rot and hsB, which are approximated to be 
time independent. Furthermore, only expansions up to quadratic order have been considered 
in the literature |212| , |5B| , |213| , As in the case of the classical energy, the action separates 
into valence quark and vacuum pieces. The valence quark piece is analyzed by treating the 
extended Dirac equation for the valence quark state 



(h + h rot + h SB ) ^val = Cval^val 



(6.29) 



in stationary perturbation theory. The expansion of the vacuum part is more involved. Since 
regularization is mandatory, the detour over Euclidean space is unavoidable. In Euclidean 
space h rot is an anti-Hermitian quantity since it is linear in the time derivative. Stated 
otherwise, fl^ = iVL a is considered to be a real quantity. Then the real and imaginary parts 
of the action are 



A 



1 



R 



00 ds r 
— lr exp < — s 
2 A/a* s P l 



-dl + h 2 + {h, h SB } + h 2 SB + [h, h 



h 



} 



(6.30) 

Ai = ^Ti {[{d T -h- h SB ) {-d T -h- h SB )]- 1 {h rot , h + h SB }} + ... (6.31) 
dsTi {h roU h + h SB }exp {-s [-d 2 T + h 2 + {h, h SB } + [h, h rot \] } + ... (6.32) 



l/A 2 
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Here the imaginary part has been regularized in a way consistent with the introduction of the 
cut-off, A in eq ( |6.30| ). Note also that the expression ( |6.30| ) is still exact, while eq (|6.31|) already 
represents an expansion in h rot and h$B- Abbreviating the arguments of the exponentials by 
Ai, where the subscript labels the order of the perturbation, these expressions are analyzed 
using the general formula for an expansion up to quadratic order 



:> A +A 1 +A 2 



+ / d(e (A ° (A 1 + A 2 ) e (1 ~ ()A ° 



o 

+ f 1 d( f 1 drje^Axe^-^A^ + ... 



o 







(6.33) 



which introduces Feynman parameter integrals. Since the perturbation is taken to be static 
the temporal part of the functional trace is straightforwardly converted into Gaussian type 
integrals as in eq ( |6.2U| ). The remainder of the trace is evaluated using the eigenstates, 
of the Dirac Hamiltonian in the background of the chiral soliton (6.22). Having obtained the 
expanded Euclidean action, the coefficients of the collective Hamiltonian (|2.36| ) are extracted 
after continuing back to Minkowski space (fijj^ — > fi a = — )■ These coefficients are listed 



in appendix D of ref ||193|| and do not need to be repeated here. For illustration, however, 
the matrix Q a b, which defines the term of the collective Lagrangian bilinear in the angular 
velocities, L = (l/2)Q a t,Q a Qb + ••• is shown because it contains the moments of inertia. 
According to the above mentioned decomposition of the action, Q a b is the sum 



6 



ab 



+ e 



vac 
ab ' 



The valence quark piece is given by 



©val 
ab 



2N C £ 



(val|Q»(/i|Q b |val) 



Cval 



(6.34) 



(6.35) 



In contrast to the purely mesonic models the cranking type structure |)4], |174j| of the inertial 
parameters is apparent. The vacuum contribution to the moment of inertia is obtained to be 
M 



63 1 



e 



vac 
ab 



2N, 



c 



/A(^,e,)(/x|Q»(HQV> 



(6.36) 



where the cut-off function 



sgn(e^)erfc ( x ) ~ sgn(e At )erfc ( 



2(6^ - e u 



(6.37) 



206| . This causes Q a b to 



has the interesting property that it vanishes in the case e M = 
vanish when the soliton is absent because the quark matrix elements of the flavor matrices Q c 
are diagonal for F = 0, i.e. (z/|Q a |yu) oc 5^ u . This feature just reflects rotational invariance, 
which is violated in the presence of the solitonQ. The moments of inertia for rotations into 
different directions correspond to certain choices of flavor matrices, e.g. a 2 = G33. For the 
strange moment of inertia, (3 2 the contribution (/?/) of the induced components (|2.45 ) has 



e Special care has to be taken when choosing the boundary conditions for the eigenstates diagonalizing h. 
Such boundary conditions may violate rotational invariance resulting in O a ;, ^ even for F = 0. Nevertheless 
a proper choice is possible, see appendix B of ref p3. 
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Table 6.3: The mass differences of the low-lying i and § baryons with respect to the nucleon as obtained 
in the collective approach to the NJL model. The up-quark constituent mass m is chosen such that the 
experimental A-nucleon mass difference is reproduced. The last column refers to the case when the symmetry 
breaker 7 



is scaled by (/^ xpt 



// pred. )2 _ All data (from ref [ pi4[ ) are in MeV. 
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been estimated in the gradient expansion, hence (3 2 = O44 + (3i. These formulas for the 
moments of inertia have been obtained by expanding the action in h rot . The expansion in 
Kot x h S B yields «i and fa. The distinction between these coefficients originates from the 
SU(2) decomposition in eq ( |6.28| ). Similarly, the expansion in Hsb gives the contribution 
of the fermion determinant to 7, 7^, 7s and 7^5, which acquire additional contributions by 
substituting the field configuration ( |6.25| ) into the mesonic part of the action A m (|6.5|). After 
eliminating the coupling constant via Gnjl = m°m/mj/^ the strange current quark mass, 
)7ij only appears in form of the ratio m° s /m°. Since this ratio is known to be insensitive on the 
regularization prescription | |192| ] the above described expansion scheme avoids uncertainties 



stemming from the choice of the regularization prescription. On the contrary, the absolute 
values of the current quark masses are subject to major changes when the regularization 
scheme is altered. 

The extraction of the coefficients of collective Hamiltonian from the NJL model action 
is now completed and numerical results for the baryon mass differences will be discussed. 



Of course, these mass differences, which are displayed in table |6.3| , are obtained within the 
generalized Yabu-Ando approach, i.e. by exact diagonalization of the collective Hamiltonian 
according to the prescription outlined in appendix A. As already speculated earlier, the mass 
differences are underestimated in the collective approach to the NJL model. That this short- 
coming is due to the too small prediction for the ratio fx/ fw is also illustrated in table |67| 
by chosing two different set of parameters. First, f w = 93MeV is kept at its empirical value 
and m = 407MeV is chosen to reproduce the experimental A-nucleon mass difference yielding 
fx = 99.8MeV = 1.07/^. In the second set of parameters the cut-off A is tuned to correctly 
give fx = 114MeV. Again m = 433MeV is determined from the experimental A-nucleon mass 
difference. Then f n = 104.9MeV is increased considerably, however, the ratio fx/ f-n = 1-09 
remains almost unaltered. Apparently the change in the mass differences for the two sets is 
not larger than the change for the ratio fx/fn- The sensitivity of the symmetry breaking 
parameters on fx has been traced in the gradient expansion 



7grad. exp. = \J rf3r | ( m K fK ~ m lfl){ 1 - COsF ) 



+ fl H cosF I F n + rri^ ) + ... K . (6.38) 
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The dominating term in this expansion it the one involving vr? K f\. It is therefore intuitive to 
scale the vacuum contribution to 7 by (/^ p *7 /j^') 2 ~ (114/100) 2 and re-evaluate the baryon 
spectrum. The resulting mass differences are in perfect agreement with the experimental data 
as can be observed from the last column of table |6.3| . Hence the problem of underestimating 
the mass differences in the collective approach is completely inherited from the meson sector 
of the model, which is unable to properly reproduce the ratio fx/ fir- 

The expansion scheme employed above is somewhat different from the one used in refs 
213| , |64" |. In the first place the meson fields differ by a constant but flavor symmetry breaking 
M -> M + m°. Then the mesonic part, A m vanishes and the current quark mass 

Af- Of course, this re-parametrization does 

in 



amount, 

matrix is contained in the fermion determinant, 

not make any difference when the Euler-Lagrange equations are solved exactly. However, 
the collective approach the time dependent solutions are approximated by the rigidly rotation 
field configuration (|6.25| ) . Whence it is not obvious whether or not these parametrizations are 
equivalent. For simplicity the constituent quark masses have been set equal, i.e. m = m s in 
refs |2TJ, 



This also implies the approximation fx = fir- I n that treatment the remaining 
symmetry breaking term is of the structure fl6.28p too, but with the constituent masses replaced 
by the current masses. Furthermore a different regularization scheme has been used, which 
brings into the game one additional parameter. Nevertheless similar results for the baryon 
mass differences have been observed, in particular the symmetry breaking is underestimated 



when empirical values (m° « 6MeV, ~ 150MeV f33|) are used. A mass splitting pattern 
similar to the one in the last column of table was obtained when increasing m° s by about 
20%. This is not surprising because the relation between and m° s is almost linear as 



a consequence of the GMOR relations |[202|| . Thus the increase in m° s is equivalent to a 
corresponding scaling of the symmetry breaking coefficient 7, cf. eq (|6.38 ). 



Baryon properties can be computed similarly to the meson models. First, the symmetry 
currents have to be obtained. The straightforward procedure is to extend the action by 
introducing external gauge fields, a^(x), id^ — > i<9 /i + a°(a;)7 / T a , with T a being the generator of 
the symmetry under consideration. For example, r a ~ r for the isovector vector current. The 
expressions linear in are identified as the currents. These currents are again decomposed 

into a valence quark and vacuum piece 



(6.39) 



Denoting ^(2) with the spatial representation of the eigenstates a compact notation for 
the currents is possible 



J val 



/vac /1 



^val(x)At 7 ^rM^ val (x) + J2 



(val|Q», f , 



^t^val 



£/t ^val 



* A1 (x)At 7/i r°A* val (x) , (6.40) 



£sgn(e M )erfc (|^|) ^ ,(x)A^,T a A^ ,i 



x) 



f A (e„ c M ) h a , (HQV^x^rvivi/, 



fJtU 



(6.41) 



In order to obtain the vacuum part the detour over Euclidean space has to be taken again in 
order to be consistent with the proper time regularization scheme. The anti-commutators are 
understood between the collective coordinates, A, and the SU(3) generators, R a . The latter 
are related to the angular velocities, Q a via the quantization rule (|2.34|) . The appearance 
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Table 6.4: The baryon magnetic moments in the NJL model. These results are taken from ref [215] for 
the constituent quark mass m=420McV. Data are given in nucleon magnetons as well as ratios of the proton 
magnetic moment. 
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-0.62 


-1.61 


-0.58 



of the regulator function, /aO^, C/J is not accidental but rather guarantees the proper nor- 
malization of the baryon charges. From the above expressions the radial functions like Vj(r) 
in eq ( |2.57j ) may be extracted when considering T a = Q a . Then the computation of static 
baryon properties proceeds along the lines outlined in section [2.4| . This procedure has recently 
been employed [ 215 ] to compute the magnetic moments of the ^ + baryons in the NJL model. 
These results are summarized in table |6.4| . As for all other treatments within the rigid rotator 
approach, the deviation from the SU(3) symmetry relations ( |2.62|) is only moderate. The 
predictions compare with those obtained in the vector meson model, cf. table 12. However, 
a word of caution has to be added to the results obtained in ref ||215|| . These contain 1/Nc 



corrections (not included in eqs (|6.39| - |6.41|) ), which rely on a special ordering prescription for 
the collective operators ||216|| . Although this description is in agreement with the generally 
expected form of the magnetic moment operator [|116|| it is not unambiguous either. In par- 
ticular, the application of this description to the axial current violates the PCAC relation by 
about 30% [j207|| . That is, this ordering does not respect one of the fundamental symmetries 
imposed in constructing the model Lagrangian. Moreover, the 1/Nc corrections constitute the 
major contribution to the magnetic moments leading to the suspicion that the series has not 
yet converged. As a matter of fact the leading order (in 1/Nc) contribution to the isovector 
magnetic moment, //y = // p — /i n is predicted to be about two |[217| , [215| , which is almost a 
factor three off the experimental value, which is \xy = 4.70. 

Substituting the generator T a = Q° - 2Q 8 / v / 3 into eqs (|6.40|) and (|S.41]) gives the strange 



vector current in the NJL soliton model. The resulting predictions |4l[] on the nucleon matrix 



element of the strange vector current have already been presented in table (L3. 

Employing the generators T a = 7sQ a leads to the axial-vector currents. In analogy to 
the discussion before eq ( |4.31| ), the components a = 3, 8 and may be used to extract the 



individual quark contributions H u ^, s to the axial-vector matrix element of the nucleon ( [2.55 ). 
For the constituent quark mass m = 420 these are obtained to be |218| p 



H u (0) = 0.64(0.90) H d (0) = -0.24(-0.48) H s (0) = -0.02(-0.05) 



(6.42) 



^In these calculations the effective symmetry breaking has artificially been increased by tuning mP s , cf. the 
discussion after eq (6.38). 
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where the data in parentheses include the above mentioned PCAC violating 1/Nc corrections. 
In any event, the singlet contribution H(0) = 0.38 is not effected by these corrections and 
turns out to be somewhat large. This presumably has to be interpreted as reminiscent of the 
quark model character of the NJL model. This statement is also supported by the fact that the 
valence contribution ( |6.40| ) to H(0) absolutely dominates the vacuum part ( |6.41| ). Nevertheless 
the prediction for the polarized nucleon structure function (|2.66|) T\(q 2 = (10.7GeV) 2 ) = 
0.12(0.16) is well within experimental data (0.129±0.010), at least when the 1/No corrections 
are ignored. 

As a side remark the relation for the strangeness content fraction ( [2.82 ) will be explained 



to emerge from the NJL model. The strangeness content is defined as the expectation value 
of the associated bilinear 



(ss) = J DqDq J d A xs(x)s(x)exp (IAnjl) 



J DqDqexp (V/Injl + ( J d 4 xs(x)s(x] 



(6.43) 

C=o 



where -4njl = / ^ 4 ^£njl denotes the action associated with the NJL Lagrangian fl6.1|) . In- 
cluding the additional source term in the bosonization process and shifting the corresponding 
component of the meson fields, M33 — > M33 — (ss, moves the source into the mesonic part of 
the action. It is then straightforward to compute the derivative with respect to (. Next the 
rotating hedgehog ( |6.25|) is substituted and the baryon number zero contribution is subtracted. 
When normalizing with respect to the sum (uu + dd + ss) the expression fl2.82|) is obtained. 



In this section it has been shown that the rigid rotator approach to describe hyperons in 
the framework of chiral solitons can be applied to a microscopic theory of the quark flavor 
dynamics. The deficiencies of the numerical results are linked to an immanent problem of the 
NJL model, namely the too small prediction for the kaon decay constant. A further short- 
coming of this model, which has not been addressed here, is the presence of quark-antiquark 
thresholds, i.e. the model is not confining. This makes difficult the extension of the rigid 
rotator treatment to more sophisticated considerations like e.g the scaling approach of section 
|3.2j . As a consequence of non-confinement, the potential associated with the scaling variable 
(/1 in eq ( |3.10| )) possesses additional (unphysical) minima ||219|| , which makes a diagonalization 
as in section 13. 21 unfeasible. 



6.3 Baryon Masses in the Bound State Approach 

In the present section the derivation of the parameters in the mass formula ( |5.16| ) within 
the NJL soliton model will be described. According to the investigations in section |5.3j , 
which concluded that the collective treatment gives smaller symmetry breaking in the baryon 
spectrum than the bound state approach, the predictions of the NJL model on the baryon 
mass differences within the latter approach are expected to better agree with the experimental 
data. 

Similarly to the Skyrme model, the bound state approach to the NJL model is set up 
by substituting a P-wave ansatz with kaon quantum numbers for the fluctuating field = 



exp(i^]a r ?a(x)Q a ) in eq ( |6.9|) , see also eq 

K 





Va(x)Q a = /Pe- to M ,/ . 1 , K(r,u) = k P (r,u)*-T(? ( i"l) .(6.44) 
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Here the Fourier transformation of the kaon isospinor, K has been written explicitly. One 
proceeds along the standard path and expands the NJL model action up to quadratic order 
in kp(r,oo) in the background field of the chiral soliton, £ = exp(zr ■ rF(r)/2). In contrast to 
the collective approach the Dirac operator contains perturbative parts (hi and h 2 ) 

if3p=id t -h-h l -h 2 (6.45) 

which are not time independent but rather 

m + m s f dw iut ( u {r)n{u)\ 

h = —J^ e U(--H(r) ) ' (6 ' 46) 

m + m s rdu tfc/ ifaW)t / u (r)pfl(u)^ (-u')u Q (r) \ . . 

2 4 J 2tt 2tt ^ -f3^(-uj)n(uj')) ' 1 ' ' 

For simplicity the unitary, self-adjoint matrix 

u (r) = (3 fsin^ — ry 5 f ■ tcos^ (6.48) 



v 2 2 
has been introduced and the spatial arguments of the isospinor 

^) = M^)(Jj) (6-49) 

have been omitted. By again taking the detour via Euclidean space to establish the proper 
time regularization, the expansion is performed with the formalism made available in eq ( p.3ij| ) . 
The final expression is comprised in terms of local and bilocal kernels $i(r) and $2(^; r ; r ')' 
respectively pH g0^| 



AWp] = [ + °° — { / drr 2 I dr'r' 2 $ 2 (w;r,r')fi t (r,w)n(/ ) u) 



oo 



2tt 



+ J drr 2 ^(r)^ (r,w)n(r,w)} . (6.50) 



The explicit expressions of these kernels are summed up in appendix D. As a consequence of 
isospin invariance they are diagonal in the associated indices. As can be observed from eqs 
( p.8[ )-( p.l0| ) the kernels contain both, even and odd terms in the frequency uo. The former 



stem from the real part of the Euclidean action, Ar, while the latter are due to imaginary part, 
At- Comparison with the bound state approach to the Skyrme model (section indicates 
that the imaginary part takes over the part of the Wess-Zumino term, Twz fl2.23p . Of course, 
this is expected rather than surprising because Ai is found to coincide with Twz in leading 
order of the gradient expansion [fT9f| . 



The NJL model analogue of the bound state equation (|5.4j) apparently is an integral equa- 
tion rather than a differential equation 



r 2 |y dr'r' 2 <$> 2 (uj;r,r')kp(r',u)) + <$>i(r)kp(r,cu)> = , (6.51) 

which actually may be interpreted as the Bethe-Salpeter equation for the kaon field in the 
soliton background. In this equation, the frequency uj has to be adjusted to the bound state 
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Figure 6.1: Comparison of the radial dependencies of the induced strange valence quark (s) and the non-strange 
valence quark (ns) levels. 



energy, up such that a non-trivial solution, kp ^ is obtained^. The resulting radial function 
is identified as the bound state wave-function. The explicit expressions ( |6.46 - 6.4£ ) for the 
perturbative parts of the Dirac Hamiltonian clearly illustrate that for small radii, r the P- 
wave ansatz ( |6.44[ ) is transmuted to an S-wave fluctuation as a consequence of the soliton 
background. Hence there is not centrifugal barrier for the bound state and therefore kp(r = 
0,up) 7^ is allowed. This, of course, is in no way different from the Skyrme model as can 
be inferred from figure O. In the NJL model this bound state induces a strange (s) valence 
quark field 



m + m s 



(e vaJ -up-h) 1 fit(r, up) (sin— - ry 5 f • rcos— } * 



ns 

val ' 



(6.52) 



where W(r,ujp) contains the bound state wave-function kp(r,up). This expression also illus- 
trates how the isospin components of the up-down (ns) valence quark spinor are saturated. 
In figure IOI the radial dependence of this induced strange valence quark is compared to that 
of the non-strange valence quark level. As for the kaon profile (cf. figure |5.1| ) one observes 
that the strange quark field is more strongly concentrated at the origin than the "hedgehog" 
spinor. This shows that the strange degrees of freedom are bound by the soliton. The fact 
that the upper component of the wave-function ^^(up) is significantly larger than the lower 
one, indicates that the induced strange quark is of quark rather than antiquark character. 
Upon explicit computation it has been verified [[20311 that the strangeness charge associated 
with this bound state indeed is negative. A bound state carrying positive strangeness was 
not detected. The occupation of such a state would corresponded to an exotic baryon with 
baryon number and strangeness both being +1. In the quark model language it would have 
the structure qqqsq, a so-called pentaquark ||221 |. 



1 See ref |220| for a description of the numerical treatment of eq ( 3.5l| ) 
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In the next step the degeneracy between states of identical strangeness but different spin 
and isospin has to be removed. Again collective coordinates are introduced for these symme- 
tries 

M = A(t)Zo€f(V)£f£oAHt) with A(t) G SU (2). (6.53) 



This parametrization can be formulated as in eq ( 5.13 ) for the pion and kaon fields. Hence 
all the relations between spin and isospin, which were discussed in section O , are recovered. 
Nevertheless, it is interesting to consider the spin expectation value 

(J) = j DqDq J d 3 r q^Jq exp (M NJL ) (6.54) 

on the microscopic level. Here J is the spin operator for a Dirac spinor and ./Injl = J g? 4 £>Cnjl 
denotes the action associated with the NJL Lagrangian ( |6.1|) . Since the spin operator com- 
mutes with the iso-rotations A(t) the transformation to the rotating frame q = Aq' is trivial 

(J) = j Dq'Dq' J d 3 r q'^Jq' exp M' NJL ) . (6.55) 
-4-njl represents the NJL action in the rotating frame, which also contains the Coriolis term 

Ajl = / d'x (c NJL - ~g't T ■ Oq'^j . (6.56) 
Substituting the definition of the grand spin (G) into eq ( |6.55| ) yields 



( J) = J Dq'Dq' J d 3 r g't (g - q' exp (i^ JL ) . (6.57) 

The soliton contribution to the spin, J F is identified by differentiating *4/ NJL with respect to 
the angular velocity fl 

r 1 3 A' 

(J) = (G) + j Dq'Dq' exp (^ JL ) = (G) + J F . (6.58) 

This immediately shows that the spin, J K ( |5.12j ) associated with kaon bound state is identical 
to the grand spin in the flavor rotating frame. This could straightforwardly be shown on the 
microscopic level, while an elaborate chain of arguments (or tedious calculation) was needed 
to establish this relation for the Skyrme model, see e.g. the discussion after eq ( |5.31| ). The 
identity J = (G) conisderably simplifies the computation of the spectral function d{uo) 
defined in eq ( |5.12|) because the eigenstates, of the one particle Hamiltonian ( |6.22|) also 
diagonalize the grand spin projection, i.e. Gz\ij) = M M /i). Hence, to extract the spectral 
function d{ui) one only has to repeat the expansion leading to eq (|6.50|) , with the projection 
quantum number, M M , included when taking martix elements. To compute the other spectral 
function, c{oj) ( |5.8j ) one first expands the action with respect to the angular velocity fl 

A F = A F (f2 = 0) + j2 ^a^f\ Q=0 + 0(f2 2 ) = A { ? + Af + O(0 2 ) , (6.59) 



a=l 



where the contributions of order Q 2 yield the spatial moment of inertia, a 2 = B33 ( |6.34| ). In the 
second step the linear term Ap^ is expanded up to quadratic order in the kaon fluctuations. 



86 



Table 6.5: The mass differences of the low-lying | + and | + baryons with respect to the nucleon in the bound 
state approach to the NJL model. The up-quark constituent mass, m is chosen such that the A-nucleon mass 
difference is reproduced. All data (from ref.[203|) are in MeV. 
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This painful exercise has been carried out in ref ||203|| where the explicit expressions and 
numerical results for c(uj) and d(oj) may be traced. The numerical results for ujp reflect that 
the kaon decay constant is underestimated in the NJL model. In case the cut-off, A is fixed 
from \u)p\ decreases from about 200MeV to 150MeV when the constituent quark mass 
is varied from 350MeV to 500MeV. These frequencies are smaller than the Skyrme model 
analogue (cf. table |5~T| ) reflecting the fact that the kaon decay constant is underestimated in 
the NJL model. It truns out that dp is slightly smaller than unity. This difference with respect 
to the Skyrme model has been interpreted ||203|| as the polarization of the vaccum caused by 
the kaon bound state. Despite the denominator of x — —cp/dp being smaller than in the 
Skyrme model, the numerical results for this ratio turn out to be similar. The baryon mass 
differences, which are obtained from eq ( p. 16] ), are exhibited in table |6.5| . The parameters of 
the model are again obtained by first determining the ratio A/m from either /„- or fx- Next 
the constituent quark mass is fitted to the A-nucleon splitting. Then the remaining six mass 



differences are predicted as shown in table |6.3| . Comparing the results in table |6.5| with those 
in table |6.3| the prejudice from the beginning of this section is confirmed, that the bound state 
approach gives better agreement with the experimental mass differences. In particular this is 
the case for the | + baryons. Despite of this improvement the flavor symmetry breaking in the 
baryon spectrum remains underestimated in the NJL model. 

Finally this chapter will be concluded by also remarking that S-wave fluctuations off 
the NJL soliton have been investigated ||222 |. As in the Skyrme model, the bound state 
in this channel is suited to describe the odd parity hyperon A(1405). Here, however, the 
non-confining character of the NJL raises some problems since for small constituent quark 
masses the threshold for scattering the valence quark into the strange continuum is as small 
as the expected frequency of the bound state in the S-wave channel. Hence a bound state is 
only found when the constituent mass, m, of the up-quark (on which m s depends) exceeds 
a critical value. This value has been obtained to be ~ 425MeV when the cut-off is linked 
to the experimental value of the pion decay constant. When m is further increased the mass 
difference between the lowest odd parity hyperon and the nucleon shows almost no variation 
and is predicted to be about 415MeV. This is somewhat lower than the empirical value of 
465MeV. 



7 Concluding Remarks 
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In this article the incorporation of strange degrees of freedom in the soliton description 
of baryons has been surveyed. The models considered reach from the simple Skyrme model, 
which contains pseudo-scalar degrees of freedom only, to extended Skyrme type models con- 
taining vector meson degrees of freedom and finally to a microscopic theory of the quark flavor 
dynamics. The latter has been specified to be the Nambu-Jona-Lasinio (NJL) model. All 
these models are treated in a similar fashion. A chirally invariant Lagrangian is supplemented 
by appropriate flavor symmetry breaking terms with the model parameters being determined 
from meson properties as much as possible. Subsequently the soliton solutions corresponding 
to a unit baryon number are obtained. These (static) field configurations, which commonly 
are of hedgehog structure, do not possess the quantum numbers of physical baryons. In or- 
der to generate states with good spin and flavor quantum numbers approximations to the 
time-dependent solutions of the Euler-Lagrange equations are considered. In general these 
approximations introduce time-dependent coordinates or fields, which in turn are quantized 
canonically. Here two seemingly opposite procedures to gain hyperon wave-functions has 
been reflected about: (i) the introduction of collective coordinates in the whole SU(3) flavor 
space and (ii) the construction of hyperon states such as a kaon cloud bound by the soliton 
background field. In the former approach strange degrees of freedom are considered as large 
amplitude fluctuations off the soliton, while in the latter the strange fields are limited to the 
harmonic approximation. Although these two treatments seem to coincide in the large sym- 
metry breaking limit, they apparently do not in the case that flavor symmetry breaking is 
small. This has been argued from the simple fact that the bound state approach does not 
reproduce the Gell-Mann Okubo mass relation. For model parameters, which are adjusted 
to the meson properties, the Skyrme model examinations have revealed that the bound state 
approach overestimates the flavor symmetry breaking in the baryon spectrum. The collective 
treatment appears to be superior in this respect. 

Despite of the progress achieved so far, one should acknowledge that the collective treat- 
ment has not yet been brought to complete fruition. For example, the treatment of the induced 
strange fields, which are mandatory to maintain the proper divergence of the currents, may 
undergo some changes when double counting effects are accounted for. As argued, these 
changes are supposedly small, in particular for the baryon properties. Also fields induced by 
the symmetry breaking have not yet been considered in meson models. The studies in the NJL 
model, however, indicate that these effects are negligible. This may be argued from the fact 
that those contributions to the baryon masses are small, which are quadratic in the symmetry 
breaking part of the Dirac Hamiltonian. These terms essentially correspond to the inclusion 
of quark excitations due to symmetry breaking. 

The collective approach has been employed to extensively study the static properties of the 
low-lying | + baryons. In particular, the role of virtual strange quark-antiquark excitations 
in the nucleon has been examined. It has been established that the inclusion of symmetry 
breaking effects in the nucleon wave-functions significantly reduces the predictions on the 
amount of strangeness in the nucleon. Furthermore, it has been explained how the nucleon 
matrix elements of various operators, which are bilinear in the strange quark spinors, evolve 
differently with symmetry breaking when the collective Hamiltonian (including flavor symme- 
try breaking terms) is diagonalized exactly. These effects go together with strong deviations 
from flavor covariant baryon wave-functions. Nevertheless a reasonable agreement with the 
Cabibbo scheme of the semi-leptonic hyperon decays is achieved. 

The investigation of the baryon magnetic moments demonstrates that even the exact di- 
agonalization within rigid rotator approach apparently contains symmetries which are not 
reflected in nature. This feature not only indicates the demand for refined quantization pro- 
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cedures, it even effects the classical soliton configuration because the strange fields do not 
acquire the asymptotic form expected for a kaon wave-function. This happens to be the case 
in both, the rigid rotator as well as the bound state approach. Hence one is tempted to ask the 
question whether flavor symmetry breaking could cause deviations from the hedgehog shape 
of the classical field configuration. For related studies, space dependent kaon fields need to 
be considered. The harmonic expansion of the bound state approach will certainly not be 
sufficient. 

The soliton description of baryons has proven especially successful in explaining the data for 
polarized muon scattering. In all models the polarized structure function T^g 2 = (10.7GeV) 2 ) 
was predicted to be only slightly above 0.1, which compares favorably with the experimental 
value, 0.129 ± 0.010. As a reminder it should be noted that the naively expected matrix 
element of the axial singlet current, H(0)=1, together with = 1-25 and the assumption 
of flavor symmetry yields 0.22. As verified in the case of the NJL model, chiral solitons not 
only exist in effective meson theories but they may also occur in microscopic models of the 
quark flavor dynamics. These quark model solitons similarly explain the smallness of rf , even 
for configurations which are dominated by the valence contribution. Thus, one is tempted to 
consider the smallness of as manifestation for the soliton structure of the baryons. However, 
as has been indicated, in order to account for the detailed structure of the baryons the pure 
pseudo-scalar solitons need to be extended; e.g. by vector mesons or explicit quark fields. 
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Appendix A 

In this appendix the explicit forms of the right SU(3) generators R a (a = 1,..,8) are 
displayed in terms of differential operators with respect to SU(3) "Euler angles" f62fl . An 
appropriate definition of these angles is given by parametrizing the collective flavor rotations 

(Pi 



via 



A = e - i («/ 2 ) A 3 e -i(/3/2)A 2e -i( 7 /2)A3 e -^A4 e -i(a72)A3 e -i(/372)A2 e -i(772)A3 e -i(p/v / 3)A 8 _ ^-Q 

The group manifold is completely covered by varying the angles a, (3, ...,p according to 

< a, 7, a', i < 2vr, < (3, (3' < tt, < v < tt/2, < p < 3tt. (A.2) 
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Since the SU(3) generators are linear operators they may in general be written as linear 

d 



combinations of differential operators ||223 [ 

R a = idbaiot) 



da b ' 



(A.3) 



where ex. = (oti, 0:2, cn&) = (a,P,...,p) compactly refers to the eight "Euler angles". The 
coefficient functions d ab (ct) are extracted from the defining equation of the SU(3) algebra 



AR a A* = ^A\ a At = ^\ b D ba {cx) 



(A.4) 



where D ab denotes the adjoint representation of the rotation matrix A, see eq ( |2.30|) . Explicit 
computation of the LHS of eq (|A.4j) provides the quantities M ab , which are defined by 



From this one may read off 



AR a A^ = X b M bc {a)d ca {a). 



d ab (a) = (M-Ha)) D cb (a). 



(A.5) 



(A.6) 



The explicit expressions are 

Ri 



R2 
R 3 
R4 



.cosy d . . , d . , , 8 

* ■ „, ~ , ~ *sin7 — - «COS7 cot/? — , 
sin/r da' dp' ay 

smy 1 d .8 . . 8 

smp' da' dp' ay 

_.8_ 

~ l 8i ' 

—ism 7 — p H — 



Sffly 8 



sin/3sinz/ da 



— tcos 7 — p + 



a' -y \ sinf d 



sinz/ d(3 



—i 



2sin p + 



a + y\ cos L 



sin2z/ 



— sin 7 — p + 



a' - y 



cot/3- 



sm 



3' 



smv 



8_ 

d'y 



i ( a' + i 



P' 8 3i . ( a' + y x 

cos — — sin p H 

2 8v 4 V 2 



P' d 
tanz/cos — — 
2 dp 



+-sin p + 



a' + y 



P' cotu 
cos— tarns H 



cos 



_d_ 

do 1 



+2COS p + 



a' + y 



Re. 



icos 7 — p + 



2 / 

a' — 7 



/3' d z / a' + y\ coti/ 9 
COtZ/Sm ¥^ + 2 Sm ( P + ^ 



cos^ dy" 



sin^- 9 
sin/3sinz/ da 



ism 7 — p + 



a' — j'\ sin^- 9 



— z 



2cos p + 



a' + y"\ cos^ 



+ cos 7 — p + 



a — 7 



+-sin p + 



a' + y 



y sin2z/ 

p' d 3i ( 

cos — — cos p + 

2 dv A V 



■ 0' 

cot/?^^- 



sinz/ 9/9 
9 



a' + 7 r 



tanz/cos 



sinz/ 



c?7 



2 dp 
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Re, 



Ra 



i ( a' + j r 
+ 2 C ° S P + ^~ 



(3' cotz/ 
cos— tanz/ H 



cos- 



2 J 



_d_ 

da' 



—ism p + 



a' + j'\ (3' d i ( a' + i\ cotz/ 9 
cotz/sm— — + -cos p H — 



2 d(3' 



cos^ <9y 



— isin 7 — p + 



a / + 7 / \ cos 



3' 



. / d + i\ cosf 9 



sin/3sinz/ da 



tcos 7 — p + 



2sin p + 



a' — 7' \ siii^- , _._ / a + 7 



sin2z/ 



+ sm 7 - p + 



cot/3 

smz/ 



sinz/ 9/9 
c?7 



+ -cos I p 



--sin [p + 



-ficos p + 



a'-y\ . 9 3z . 



sin- 



2 9z/ 



+ — sm p + 



a — 7 



tanz/sm — — — 
2 9p 



a'--f r 



j3' cotz/ 

sm — tanz/ H „r 

2 sin^- 



9a 7 



/3' d if 

cot^cos-— + -sm (p 



«' — 7 /N \ cotz/ 9 



sm^ 9y 



icos 7 — p + 



a' + 7'\ cos^- 9 



sin/3sinz/ 9a 



— zsin 7 — p + 



a' + 7 7 \ cos^ 9 



sinz/ 9/3 



2cos p + 



a — 7 \ sm 



0' 



cos 7 — p + 



cos 



--sin [p + 



--cos p + 



a' - y 



a' - 7' 



y sin2z/ 

/?' 9 3z / 
Sm Y97 + 4 C ° S P + 



cot/3— 



a'-y 



tanz/sm 



smz/ 

13' 9 
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2 dp 



, (3' cotz/ 
sm— tanz/ H — r -^ 7 



da' 



—ism. ^p + 
9 

2~9p ' 



a'-y 



9 z 
h -< 

2 9/3' 2 



cotz/cos— — + -cos I p 



a' — 7 ; \ cotz/ 9 



sin^ 9y 



(A.7) 



Here we also want to outline how the eigenvalue problem for the collective Hamilto- 
nian ( |2.36|) reduces to coupled differential equations for functions, which only depend on 
the strangeness changing angle v. Up to the normalization a suitable decomposition of the 
baryon wave-functions is given by |62| 

*(I,I 3 ,Y;J,J 3 ,Y R ) = £ tf&>,&7)/£^ (A.8) 

Ml, Mr 

The .D-functions refer to SU(2) Wigner functions. It is important to note that the sums over 
the intrinsic spins (Mr = — J, — J + 1, J) and isospins (Ml = —I, —I + 1, /) are subject 
to the constraint Ml — Mr = (Y — Y R )/2. Using the explicit forms for the SU(3) generators 
( |A.7|) the action of the quadratic Casimir operator C 2 = J2a=± R 2 a 011 the baryon wave-function 
( |A.8p is found to be 



C 2 *(I,I 3 ,Y;J,J 3 ,Y R ) = £ D%; ML (a,p n )j Y ^D%M R (a\l3\ 7 ') 

M l ,Mr 
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d 



2 + (3cotf — tarn/) 




1 + COS 2 I/ 3YrM.£, i-rwsi/ /■:> :•; \ I , M :./.»/.. . 

-M L M R + 3— — Y R M R + ( - + —tan v J }Jm t ; Mr ( u ) 



sinVcosV L K "~ 2cos 2 ^ 4cosV * * ^ U 16 V J JM - M 

•^V( / + Af i + 1 )( / - M ^)( J + M «+ 1 )( J - M «) /K:S + ^) 

cosz/ 
sin 2 i/ 



(I-M L + 1) (/ + M L ) (J-M R + 1) (J + M R ) /jfc^g-iM- (A.9) 



Obviously the dependence on the angles other than v can be factorized leaving a set of coupled 
ordinary differential equations in the variable v. This becomes even more transparent by 
displaying the v dependence of the dominating symmetry breaking term in the collective 
Hamiltonian ( [2.36D 

1 - Ab = |sin 2 i/. (A. 10) 

Eq. ( |A.9| ) also illustrates how the intrinsic functions ju^^M^iy) depend on the spin and 
isospin quantum numbers. 

The eigenvalue equation C-$l = yields the flavor symmetric SU(3) D-functions, which 
correspond to irreducible representations. As an example we display the non-vanishing in- 
trinsic functions for the baryon octet. The constraint Ml — M R = (Y — l)/2 has to be taken 
into consideration. 



N : f?7 2 ' {v) = cos'u JK'\{is) = cosv ; A: / n T 2 '>) 

2>2 2' 2 U ' 



S : /n'i 2 ' 1 ( Z/ ) — ^pcosz/sinz/ , f^?'*'i(v) = sinu ; E : I' 2,1 (^) = sm 2 u . (A. 11) 

U '2 -y/2 2 2 ' 2 

Obviously non of these wave-functions vanishes execpt at the boundaries v — 0, tt/2. This is, 
of course, a special feature of the ground states, which reside in the 8 representation. The 
isoscalar wave-functions associated with baryons in higher dimensional representations, which 
carry the same physical quantum numbers (I, J, Y), may well develop nodes. 

When the eigenvalue problem is augmented by symmetry breaking terms the intrinsic 
function deviate from ( |A.11| ) such that they get more pronounced at small u, i.e. rotations 
into the direction of strangeness are suppressed. This can also be deduced from figure |A 



where the dependencies of the nucleon isoscalar functions f?i'?i(v) are displayed for the 

± 2' ± 2 

symmetric case, 7/3 2 = as well as for large symmetry breaking 7/3 2 = 9. All other symmetry 
breakers have been ignored. 

It should be noted that this procedure to compute the eigenvalues of the collective Hamilto- 
nian (|2.36|) is completely equivalent to diagonalizing it in a basis built from 577(3) representa- 
tions. In addition to the constraint Y R = 1 for the allowed representations one more condition 
has to be satisfied, which stems from the grand spin symmetry of the hedgehog ansatz. For 
v = the wave-function must be invariant under a combined spin and isospin transforma- 
tion T. Denoting the coordinate and isospin space "Euler angles" by Rj = (a?, /3', 7') and 
Rj = (a, /3, 7), this implies 

E D i2k (RiT)f { M^ R) (0)D ( Z-J 3 (T-'Rj) 

M l ,Mr 

= E Cj^/Sf^lC^^) (A-12) 

M l ,Mr 
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Figure A.l: The dependencies of the nucleon scalar functions on the strangeness changing angle v for two 
values of the symmetry breaking. The case 7/3 2 =0 should be compared with the expressions for (n) in cq 



(A.ll) 



which can only be solved if 



(I,Y;J,Y R ) 
M l ,Mr 



(0)=C(I;Y,Y r )S Ml ,mJi, 



(A. 13) 



Because of completeness, at least one of C(I; Y, Yr) must not vanish within a specified repre- 
sentation. Hence in each of the SU(3) representations, which constitute the basis for diago- 
nalizating the collective Hamiltonian, a state with I = J must exist [57]. Since the static field 
configuration ( |2.25|) commutes with A 8 this state must furthermore satisfy Y = Yr. The fact 



that C(l/2; 1, 1) does not depend on the intrinsic projections M LjR can also be seen in figure 
A.l| . In the limit of large symmetry breaking the isoscalar functions can be approximated by 
fM L ,M R (v) ~ fM L ,M R (fy8(v). It is therefore obvious from eq ( |A.13| ) that this limit corresponds 
to the two flavor model. 



Here also a few comments on the treatment of the slow rotator discussed in section 3.1 



will be added. In a first step the explicit form ( |A.9| ) for the Casimir operator is used in 
order to express the Hamiltonian ( |3.5| ) as a second order differential equation for the isoscalar 

functions / 



which are defined in eq ( |A.S| ). These coupled differential equations 



(i,Y;J,Yr), 

M L ,M R I 

are then integrated by standard means. In order to evaluate matrix elements like (|3.7|) one 
again employs the decomposition ( |A.8| ) to reduce these to expressions which only contain 

functions of the strangeness changing angle v and /m'^Mr ( u )- The fi na l result is obtained 
by integrating with respect to the measure 



dv sin2z/ sin 2 !/ { • • • } 



(A. 14) 
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For example, the contribution of the first term in eq (|3.7| ) to the magnetic moment of the 
proton is found to be 



H p = — ^-Mtv J dv sin2z/ sin 2 z/ mi(z/)< -sin 2 z/ ((fi'l' 2 ' 1 ^] 



2 / ii.ii ^ 2N 



2 ' 2 
1 1.1 



(A.15) 



(l+cosV) ( f/?'! ;il (z/)) + (f_i_M^\u)Y ) +8cosvfrf 2 '\v)fH' , H(v) 

v / \\2'2 / \ 2> 2 // 2 '2 2'2 



where the isoscalar functions f(v) are obtained by constructing the eigenstates of the Hamil- 
tonian ( |3.5| ). Their normalization is determined by the one of ^(1, 1%, Y; J, J3, Yr). The v 
dependence of m\ is purely due to the implicit dependence of the chiral angle F = F(r, v) in 
the slow rotator approach | |117 



mAv) = / drr sin F 
Jo 



1 



sin 2 F 



+ 



el F' 2 sm 2 F 2 



. (A.16) 



e" \ ) 47T 4 r 2 ' 3 

A prime indicates a derivative with respect to the radial coordinate, i.e. F' = dF(r, v)jdr. 
Appendix B 

In this appendix we will present the quantities relevant for the collective Hamiltonian in 
the vector meson model, which is discussed in Section [4.2| . Also a few typographical errors 
are corrected, which happened to occur in the corresponding expressions of ref jKJ. For 
convenience the notation a" = ia', etc. will be introduced, where x measures the strangeness 
symmetry breaking (|2.17|) . 

The classical mass is given by 



E 



4tc / dr 



f 2 

J 7T 



G 2 



^(F' 2 r 2 + 2sin 2 F) - — (u' 2 + m 2 uj 2 ) + -\G 2 + ^-(G + 2) 



29 



2r< 



+ 



m 



7i 



9 Z 



1 + G - cosF) 2 + — F'usm 2 F -GuosinF 



9 



9 



+—F'uG(G + 2) + -( 72 + 7 3 )F'o;[l - 2(G + l)cosF + cos 2 F] 
9 9 



+ (1 - cosF)(45V 2 + 2(2/5' - ^r)(F /2 r 2 + 2sin 2 F) 

9 

-[uj 2 r 2 -2(G + 1- cosF) 2 - 4(1 + cosF)(l + G — cosF)]} 



:b.i^ 



For the moment of inertia for rotations in coordinate space, a 2 = a 2 s + <y"g B we get 



57T 



a c 



f 2 r 2 sin 2 F - 

v TV 



rn 



P J2 



2g 2 
1 



2g 2 



r 2 [(ei + 6r + 2(6-l + cosF) 2 ] 
[(3£f + + ^)r 2 + 2(G 2 + 2G + 2)£ 2 + 4G 2 (£ 2 + 66 - 26 - 6 + 1)] 



+-7i0F'sin 2 F + -j 3 (f)F'[(G - 6)(1 - cosF) + (1 - cosF) 2 - G6] 
9 9 
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2 Jl 
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47T 



(B-2) 
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(B-3) 



The expression for the moment of inertia associated with rotations into the direction of 
strangeness is slightly lengthy. We therefore split it into pieces according to which part of the 
action they originate (flavor symmetric, anomalous and flavor symmetry breaking) 



P 2 = Pi + Pin + PIb 



(B.4) 



and list them separately. 
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(B.5) 
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Finally the symmetry breaking parameters, 7, a.\ and fli are integrals over the classical profile 
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functions only 
16tt 



7 



drl 2(6" - 6')r 2 (l - cosF) + 2(/3' - 0' 



a' - a" 



, )cosF(F ,2 r 2 + 2sin 2 F) 
2^ 



+ 



a" - a' r 



0' 



cosF[cA 2 - 2(1 + G - cosF) 2 ] + 4sin 2 F(G + 1 - cosF) 



n . 167ra" — a' / 

2pi = — =■ — / arr cucosF 

V3 g 2 



(B.8) 
(B.9) 



For completeness we also display the Skyrme model expression for the moment of inertia 
f3 2 = fig + 0s b which enters the computations of Section [2.3| . The contribution from the 
Wess-Zumino term is included in /?|. 



0; 
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J dr^2f 2 r 2 (1 - cosF) + JL (1 - cosF) (F' 2 r 2 + 2sin 2 F 
-2 (2flr 2 + ^sin 2 F^ (l + cos^) W 



•12 



+ 



— 2F' 2/^r^sin— H — -sin^Fsin— - + -^-sinFcos— I 1 + cos 
" l 2 e -) 1 

^ ( + ^sin 2 F + ^sinFsinf ) + ^sinF ( / 2 r 2 + ^ 



2 V 2 
sin 2 F' 



WW' 

( 3sinF + 4sin — ^ 
V 2 J 



~h ( 2/y + h F ' 2r2 + f sin2jP ) i 1 + 2co 4 + cos2jP 



w 2 



(B.10) 



F' 



7T 



3sin — sin F + 4cos — sinF 1 + cos — 



2 F / F\ 1 

W + — cos— sin 2 F 1 + cos— W >, 
Ti 2 2 V 2 / J 



SB 



7T / drr 2 { 



cosF 



cosF - 1 + 2 1 + cos 



W' 2 + ^cos 2 -^ 2 



+AF'sm—W'W - F' 2 W 2 - 4smF ( 3sinF + 4sin- ) W 2 
2 H V 

- ( F' 2 + 4sin 2 F^ ( 1 + cos^] ( 1 - 2cos^) W 2 



2 ( I oos^ ( sin^ + sinF^l ( F'W' + -^sinFcos^W ) ((" 



+0' 1 + cos- 



2 cos- 



1+21 + cos- 



W' 2 + — cos 2 --^ 



cos- F + — sin 2 F VT 2 - 2sin- F'W' + — sinFcos-VT 



5' ^3cosF + 4cos^ + l) + (cosF + 4cos^ + 3^) W 2 j 



(B.ll) 



Appendix C 

In this appendix a short remark on the conservation of the axial current and the role of the 
induced fields is added. For this illustrative purpose it suffices to only consider the non-linear 
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cr-model (|2.3| ) supplemented by the Wess-Zumino term Q2.23 ). Although no solution to the 
corresponding equation of motion 

r 2 F" + 2rF' = sin2F (C.l) 

for the chiral angle exists, it may be used formally since the Skyrme term (|2.7|) is omitted for 
convenience only. Here we are interested in those parts of the axial- vector current, which con- 
tain the angular velocities (|2.29|) ,^4, . . . , f^, for the rotations into the direction of strangeness. 
In the notation of refs |38|, |4(| these parts are given by 

A® = [A 3 (r)5 ik + Ai{r)hh\ d ka pD aa Q p . (C.2) 

As usual the convention i, j, k = 1, 2, 3 and a, [3 — 4, . . . , 7 is adopted. The contribution [[224|| 
from the Wess-Zumino term is purely due to the rotation of the classical fields ( |2.28| ) 



1 F 

— — F'sinF sin — 

2vrV 2 2 

.A™ + ^Tsin 2 F shr- . 



2vr 2 r 



,F 
2 



(C.3) 



A straightforward computation shows that this piece has a non-vanishing divergence 

d,A? wz = f a —„F>^ . (C.4) 



As long as the field configuration is restricted to the rotating hedgehog Q2.2S ) there will be no 
other contribution to A3 and/or A4. Hence the (partial) conservation of the axial current is 
violated. On the other hand the non-linear a-model contributes via the induced components 
Cp.45|f2.46|) 



IF/ F 
-cos— 1 + cos— 
r 2 V 2 

1 T? 

1 rdu 



cosFW 



-AT + -F'sin- W + cos- 1 + cos- W 



2- -2 ■-2V -2J- < a5 > 
Using the truncated equation of motion the divergence of this part of the axial current 

is obtained to be 



<9,:A a 



a nlc 



COSi 



I +f<»^ ) w' 2 



r 2 sm—W + 2r 1 + cos— W 



+W 



?I2 



2cos— cosF ( I 



cos- 



(C.6) 



Upon some integrations by parts and application of eq ( C.l|) the relevant parts of the 
moment of inertia for rotations into the direction of strangeness ( |B.10| ) can be cast into the 
form 



1 

7T ^0 



drlF' 



3sin 2 Fsin h 4sinFcos 2 — ( 1 + cos — 



W 



+2cos— sin 2 F 1 + cos— ) W 
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dr< 



2r 2 



F\ 2 
1 + cos— J W 



+ 



r 2 F / F 

—F' 2 - 4cos— cosF 1 + cos— 
2 2 V 2 



1 + cos- )W 2 } + 



(C.7) 



99 



where the ellipsis indicate terms which are neither due to the non-linear a model nor the 
Wess-Zumino term. Straightforward calculation shows that the variation of f3 2 yields the 
proper conservation of the axial current 



1 F 
, — ^-rrcos — 
4n 2 r 2 2 



1 + cos- 



1 5{3 2 



SW 



(C. 



Stated otherwise, the proper divergence of the axial current can only be obtained when the 
induced fields are taken into account. The inclusion of a Lagrange multiplier such that the 
overlap ( |2.47| ) vanishes will spoil the relation ( |C.8| ) unless the radial functions A 3 and A4 are 
altered accordingly. Unfortunately the equation of motion 5/3 2 /5W does not have a solution 
in the flavor symmetric case, even when the Skyrme term is included. The reason being 
the existence of a zero mode, which represents a solution to the homogeneous part of the 
differential equation without being necessarily orthogonal to the inhomogeneity. However, 
this point does not give too much of a worry as for the physical situation no such zero mode 
exists because the flavor symmetric is broken explicitly. 



Appendix D 

In this appendix some formulas are summarized which are helpful for studying the bound 
state approach introduced in chapter j|. These expressions are taken from refs ||133| , |183| , |132| , 



After re-expressing the parameters in the symmetry breaking parts of the Lagrangian 
( P-19| ) in terms of physical quantities, the Lagrangian for the fluctuating kaon field K defined 
in eq Q5.1Q is given by 



4/1 



-K^Ktx (d^td^ 



+ 



4e 2 /l 



8e 2 f 2 K 



3(D^t^y] D V K 



iN, 



4/, 



c_ 

2 ^ 



B„ 



K 



(d.i; 



where use has been made of the covariant derivative = <9 M + (^td^ + £ n d fl £,t)/2. Further- 

-t 1 ft; 



more = d^ w ^i + ^Id^ refers to the induced axial-vector field, see also eq ( |4.11| ). Finally 
is the topological current fl2.9|) . The radial functions in the differential equation (|5.4j) are 
POL |1791 



h{r) 

f(r) 
A(r) 



1 + 



sin 2 F 



1 + 

N c 
8tt 2 / 2 



1 



4e 2 / 2 



F + 2 



sin 2 F N 



K 



n/ sin 2 F 



(D.2) 
(D.3) 
(D.4) 



K 
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Vp(r) 



2 . 4 F 
r z 2 
1 



1 + 



1 / ,o sin 2 F 
4 F + 2 — 



4e 2 /l lr 



r<Slll 



-sin 2 F 2F' 2 + 



sin 2 F\ 6 / . 4 Fsin 2 F d 



sin' h — F / sin 2 Fsin 2 — 

2 r 2 dr 2 



1 / , 2 sin 2 F\l 3 / sin 2 F d . \ ] 



2 



+ -^L (cosF - 1) 



2/. 



(D.5) 



The spectral functions c(u) and d(u;) may by decomposed in terms of the grand spin channels 
according to eq (|5.2j). For the present discussion the presentation of the bound state channel 
(L = 1, G = 1/2) suffices |3]], [133 



cp(u;) + 1 



r f 4 F 

2u; y dr k* P {r, uj)1 -r 2 /(r)cos 2 — 



2e 2 / 



-sin 2 Fcos 2 — r 2 sinFF' 

3 2 dr 



>kp(r,cu) . (D.6) 



Since one has u = for the zero-mode, it is apparent that cp is (minus) unity in the flavor 
symmetric case. 

The coefficients in the magnetic moment operator (|5.19 ) read [ 133|| , see also ||132 



2M 



N 



37ra : 



J drr 2 F'sin 2 F , p V)0 = ^M N a 2 



M: 



N 



drl 4r 2 k 2 P cos 2 — 
I P 2 



1 



e 2 / 2 



A' 



4fcpsin 2 Fcos 2 ^ + r 2 k 2 P F' 2 cos 2 ^ + 3r 2 k P k' P F'smF 



M, 



A 



drl r 2 k 2 P cos A — ( 1 — sin z — ) + 



NnM, 



247T 2 / 2 



uj P r z k P F'sm z F 



4e 2 /| 



4fcpsin 2 Fcos^ 



3 - 8sin^- ) + r 2 k 2 P F' 2 cos 2 - ( 1 - 18sin 



+2A^sin 2 F + 3k P k' P F'smF ( 3 - 4sin z ^- 



(D.7) 



where the arguments of the bound state wave-function kp = kp(r,up) have been omitted. 

Finally the integral kernels $1,2, which show up in the bound state equation of the NJL 
soliton model will be presented. The local kernel $i(r) does not depend on the eigen energy 
uj. It acquires contributions from the meson part of the action as well as those terms involving 



$x(r) 



N, 



c 



?7vai(ra + m s ) 



^V»L( r M r )/M r )Vw(r) 



(D.8) 
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N, 



c 



(m + m s ) 



00 ds 



j ^{ E e ^ e se ^t(r)u (r)/3u (r)^(r) 



1/A 2 



TVS 



fi=ns 



p=s 



The unitary matrix uq has been defined in eq ( 6.48| ), while the grand spinors ip^{r) denote the 
spatial representations of the eigenstates of the one-particle Dirac Hamiltonian ( |6.22| ). The 
integral J(dQ/4Tr) indicates that the average with regard to the internal degrees of freedom 
has been taken. The bilocal kernel $2(k>;?", r') originates from the terms quadratic in hi and 
is symmetric in r and r' 



$2(0;; r, r') 



N, 



c 



, . 2 rdVtrdVt'\ ^ 



e va i — u — e. 



£ ^J(^)%(r)^(r)^J(r / ) Mo (r / )^(r / )^ 



UJ 



(D.9) 



The regulator function appearing eq ( p.9|) is obtained to be 



A/A 2 V 7T ^ 



s re se ^ + e se p 



+ [lj 2 - (e M + e p ) 2 ]R (s; u, e M , 



-2^e pJ Ri(s; w, e M , e p ) + 2uje fl R 1 (s; u, e p , e M )|, 
wherein the Feynman parameter integrals 

i?i(s; u;, e M , e w ) = / x l rix exp ( — s[(l — x)e 2 + xe^ — x(l — x)co> 2 ] 



(D.10) 



(d.ii; 



reflect the quark loops in the soliton background. The regulator function ( p. lip is nothing 
but the analogue of the incomplete T-functions in eqs ( |6 . 1 3| - |67T5| ) when the soliton background 
field is present. 
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